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ABSTRACT

A spatial model for the strictly stationary series that have been discretized into a specified
number of categories, is presented: special emphasis is concentrated on the finite two-sided
Markovian structure. The new suggestion puts forward an all-random model, relying on a
collection of unobserved series, with variables that are defined on different sample spaces.
Imitating the linear ARMA series (that employ the spectral densities though), symmetry
restrictions (via Bernoulli variables) and time reversal are explored and succeed to a certain
extent. Subject to an, applicable to any distribution, assignment of variables’ values into (k +1)
ranges, and to the selection of the serial order p and q, the general Table Auto-Linear
Moving-Average (k, p, q) equation provides for the spatial, all-moments stationary as well as
infinite homogeneous Markovian, dependence.
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| INTRODUCTION

Up to this day, the theory of the other than ARMA-modelled stationary time se-
ries has been enriched with some decent attempts: the direct aim of Lomnicki and

Zaremba (1955) or Keenan (1982), was on the strictly stationary processes by re-

London Journal

ducing to categorical 0 — 1 dependencies; the Discrete ARMA models of Jacobs and
Lewis (1978) have placed the focus on general mixtures; the bilinear model with
deterministic coefficients offers a net solution, by writing the variable as a sum of
products of its lagged and error lagged values raised to natural powers, but suffers
from a lack of interpretation and demands some immediate action regarding mea-
surability; both the INARMA model (for instance, find a primary form in McKenzie
(1985) and then Du and Li (1991)) and the suggestion of Cui and Lund (2009) work
for count data, with the first one crossing the variables of interest with errors, and
the second one only conveniently combining information from discrete time renewal

processes.
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Evidently, blending the different equations in order to escape the linear series
modelling, has been a common mentality: for example, one could catch up on switch-
ing between different ARMA equations in Francq and Zakoian (2001). The threshold
models, an excellent account of which resides in Tong (1990), may be considered as
a world popular illustration of non-linearity that caused a lot of this. Finally, the
latest suggestion of a TARMA model by Dimitriou-Fakalou (2019) is to fulfil the
promise of encompassing the strictly stationary dependence, via a ‘non-parametric’
assignment of the variables’ values into a fixed number of ranges: under causal-
ity, Markov chain conditional probability approaches become its special case. Since
this paper will be translating the TARMA merits for the spatial series in the line

transect, a reminder of existing transitions from time to space must follow.

For the linear series, two main streams developed in the past: the simultaneous
bilateral auto-regressive models of Whittle (1954) and the conditional auto-normal
processes of Besag (1974). The first exhibited what happens when the standard

ARMA model uses its variables from both past and future: the high risks for the
inference were exposed and the causal solution has been treasured as the right way

to go, subject to the unilateral (more than one) index ordering of Whittle (1954).
Besag (1974), on the other hand, worked with conditional arguments and proposed
a Gaussian model that equally treats both ends of the axis; that second approach
would often relate to a parameterization with intrinsic restrictions. Remaining in
the ‘best linear predictor’ series department, those authentic definitions triggered
Dimitriou-Fakalou (2010) to introduce the term ‘auto-linear’, combining the simul-
taneous (rather than conditional) element from Whittle (1954) together with the

spatial (rather than unilateral) element from Besag (1974).

Trying to record some attempts for the spatial modelling outside the Gaussian
distribution, Besag (1974) also introduced the auto-logistic schemes (for a fixated
number of sites in space rather than a process in the transect) applied on Bernoulli
variables that do, in general, exhibit a higher than second-order dependence: nev-

ertheless, those definitions were accompanied by the assumption that the quantities
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relating more than two variables were set as null (leaving the analysis only to cliques
consisting of single sites and pairs of sites) and shattered any hope of going further
than the relevant pairwise elements. The reader is encouraged to look at Cressie
(1993) for a beautiful description of the different perspectives in spatial statistics,

which is rich in diverse material: nevertheless when working in space, the dilemma

and Formal

of either sticking to linearity for the infinite lattice processes, or resorting to con-

ditional probability arguments and under the knowledge of a basic distribution for

Natural

the finite lattice variables, remains.

Hence a discretized strictly stationary series indexed regularly in the straight line
is to be modelled: a two-sided, random coefficient equation is the proposed solution

satisfying the spatial needs. Due to the severe difficulties that arise when scrutinizing

in Science:

the spatial dependencies, the assumption of causality that frees the ‘future’ errors
from any dependence with ‘present’ and ‘past’ variables will still be wrapped inside
the new definitions. Section 3 introduces a special case of the model, which results in
the spatial pth order conditional probabilities, and Section 3.1 explains the thinking

that supports the new models: the arguments relate to writing the latent equalizer

of Research

predictor, as this has been explained already in Section 2. Section 3.2 is looking
for ways to get to the restrictions that tie Bernoulli variables in space, and Section
3.3 examines whether time reversal can be achieved when one goes higher than
the Gaussianity of random variables and there is no moment generating function
to ease the derivations; this is versus the spectral density of an ARMA(p, q) series

that reveals how 2P*9 different ARMA equations share the same auto-covariance

London Journal

function (Brockwell and Davis (1991)). Finally, Definition I in Section 4 introduces
the Table Auto-Linear Moving-Average model and perfects the previous suggestions,

by approximating the infinite spatial Markovian dependence.

ll.  REMINDERS: THE ‘LATENT EQUALIZER PREDICTOR'APPROACH

Suppose that {X;, t € Z} is a strictly stationary time series which, either naturally
or by discretization, takes the values 0, vy,...vx with probability one. For a fixed

positive integer p, this could be modelled as
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X, = LX) (1)

where {It(il""’i”), t € Z}, i1,...,0p = 0,v1,...,v; are sequences of independent in
time and identically distributed random vectors with marginal probability masses

alitein) .= IP(It(il""’i”) =w), w=0,vy,...,0.

If the index functions

£y = Dermoo s =) _ [ 1, iy =z
Hx*zo,vl,‘..,vk, x*;ém(x o LC*) 07 if Yy = 0, Viyeo oy Uy, Y 7é x

are considered, then (1) is equivalent to

f:c(Xt) = Z fx(lt(il,m’ip)) ' fil (Xt—l) s fip(Xt—p>7 r = O’ Uiy« Uk (2)

11,...,0p=0,v1,...,U)

Under the condition of (table) causality (see Dimitriou-Fakalou (2019)), it is
secured that It("') is independent of X;_;, [ > 0, so that (1) implies that

PXi=2|Xpn=an, n€N)=P(X, =2 | X,y =3, n=1,...,p) = 1)
(3)
for x,z, = 0,v1,...,v,, n € N, and hence { X, } exhibits the pth order (homogeneous)

Markovian structure.

Model (1) uses the latent equalizer predictor to define {X;, t € Z} and this is
explained here further. For the linear series, we write the best (linear) predictor of
X, based on, say, X;_; for some decided values of the ¢ # 0: this is a linear function
of the X;_; with deterministic coefficients, i.e. a random variable; knowledge of the
X;_; leads to a realization of the predictor. The difference of X; minus the predictor
is defined as the prediction error, so that what singles out the best linear predictor
as unique amongst other linear functions, is that the best linear prediction error is

uncorrelated with the relevant X,_;.
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For the discretized series, we write the latent equalizer predictor of X; based on
Xi_i, 1 # 0, which is a random variable that is set equal to X, using the information
according to X;_; as it is their function; for each one of their combined value an X,
variable is assigned and, hence, knowledge of the X, ; leads to a random variable,

say, the conditional predictor with known distribution. What has characterized

and Formal

the latent equalizer predictor of X; based on X, ;, ¢ # 0, is that the distribution

of the conditional predictor remains unchanged under the presence of the relevant

Natural

condition or not, implying some form of independence with it: for instance, in this
section [P’(It(il""’ip) =w | Xy =d1,..., X, = 1) = [P’(It(il""’ip) = w) verifies that
1) s independent of fi, (X;_1) ... fip (Xi—p).

Prediction examples: The best linear prediction of X; based on some X;_;, 7 # 0, is a

in Science:

linear function of the X;_;; the intercept and coefficients are determined according to
the first and second moments of the variables (parameters which are known or to be
estimated). The latent equalizer prediction (of X, based on some X;_;, i # 0) is the

realization of a random variable; its (discrete) distribution are the parameters which
are known or to be estimated. In this section's notation, wheK; 1 = i1,..X; p = ip

of Research

the latent equalizer prediction ofX; can be the realization of a random variable with

identical distribution as that of | %77®).

Ml ¢— Nait$*akB

Next suppose that instead of the time axis, the strictly stationary process of interest,

London Journal

sayfXs; s 2 Zg takes place in the spatial line transect (see Whittle, 1954); this
can still be expressed as in (1), yielding a unilateral representation based on the
variables of one side of the transecXs i, i > 0, but it is explored here what is the
spatial analogue. Subject to the condition of causality that links (1) to an adequate

strictly stationary processf X g, it is now written that

X, = YS[(xS piinXs 1)i(Xser 35X s+p)]; (4)

where forip = (ipp;::i;ip1) (@nd ip = (ip1;:::;ipp) still a row vector), ip =

(g1t 0gp), it holds that (set any ip.1;:::;ipp, Ik1s it imp =05 Ve it W)
mgPZiF] YS[iP;iF] = MS[iP;iF]; (5)
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which must be accompanied by

m[siP;iF] — Z fw(Iﬁlp)) ) fiF’l(Is(i,lzp,lwﬂP,pfl)) o fipr (Igzi;p71,...,zp,1,w)>

w=0,v1,...,V

and

(P
)

. (p) . . . .
i ;' . (l‘r) (IS P 72 ) 7"'72 P ) (Z TP 7"'71 3 715 .
Ms[lp = I fiF,1([s+1 PR ) - 'fiF,p<[Sfpp b ),

the last equation results in

fu(MEPAFYy = p (10PN g (gl )y g (e Ry Sy oy,

s+p
fobei) = 1= YD gl

W=,k

Note that if mIFi) = 0 then MUIFIF) = [0P). plirsie] i equal to zero as well. Hence,
it is clarified that if the system (5) is null, then the variable Y cannot be considered
at all, i.e. Y& is defined on the sample space {m[sip il 1}. Provided that
mlPT = 1 (5) can be replaced by f, (Y = f, (i,

In addition, (4) is equivalent to

fy(Xs) = > Fy (V) - fi (Xomp) o iy (Xom)

P pseslP 1y UF, 1y U, p=0,01,...,0k

Jira (Xst1) - fir, (Xop) (6)

for all y = 0,vy,...,v;. Directly from (6), it can be deduced that for any y =
0,v1,...,vs, it holds that

PXs=y | Xsep=tipp, ..., Xso1 =ip1, Xsp1 = ip1,. .. Xopp = 1pp) =

P(YEPArl = o | X,y =ipy, s Xeo1 = ip1, Xeg1 = ip1, - Xepp = irp) (7)

({Xeot = ip1y s Xaep = ipps Xop1 = ip1, -y Xasp = ipp} C {ml"H = 1}).
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3.1 Interpretations
The variable mLiP £l 45 Bernoulli and it holds that
ip;i (iT) W, ,1:--~7i p—1 % ,p_l,...,’L' 1,W
P(mfrirl =1) = N B{f (I} B{fi,, (1)) LR fyy, (L))
w=0,v1,...,Vk
(8)

(remember that I are assumed to be ‘serially’ independent on different spots of the

Natural and Formal

line transect). The variable MEPIF s 0 or 1 w, w=0,vq,...,v;, and it holds that

IP)(Ms[iP;iF] — w’mLiPﬁF] _ 1) _

E{ fuo(ISP)} B fi,. (1077000 0Yy R fy,, (IE2-2 Py ()

(for w = vy,...,vp, it holds additionally that P(MIFH! = w) = paiFF! =
w, miPirl — 1)). It can be written, in general, then
P(y;[ip;ip} —w) = ]Pa(yjs[ip;ip} =w | mLiP;iF} =1) = ]p(Mé[ip;iF] =w | mgip;ipl =1)=
P<Ms[iP;iF] —w mLiP;iF] _ 1)
P(mgip;iF] =1)

, w=0,v1,...,0. (10)

In the other hand, it holds that

P(Xs =w | (Xs—17 s 7Xs—p) = i71—3a (Xs-i-la s 7X8+p) - iF) =
]P(Xs = w, Xs+1 = iF,l: s aXs—i-p - Z.F,p | X1 = iP,l: s aXs—p = Z.P,p) _
Zw*zo,vl 77777 Vg P(Xs = w*, Xs+1 = iF,l) o 7Xs+p = iF,p | Xs—l = iP,h o 7Xs—p = iP,p)

E{fw(LSZP’L.”JRP))fiF,l(]s(ifp’lw’zp’pil)) . fiF,p (Is(fl*)pfl""ﬂﬂlvw))}
S B (0 000) fo (10 reiasdy g (1 irne )y

London Journal of Research in Science:

based on the representation Xy = IS(XS’I"“’XS”’). By combining the derivation above

together with (7) as well as (8), (9) and (10), it can be concluded that
P(YErirl — ) = P(YEPiF = w | (Xo_q, ..., Xeop) = 15, (Xagty - oo, Xopp) = ip). (11)

In fact using similar arguments, it can be shown (for any z; = 0,vq,..., v, |I| =

p+1,p+2,...), that

Xss1s i Xsep) = I Xs 1= X5 jlj=p+1;p+2;::0): 12)
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It has been obvious already that ylipiir] (properly defined) is independent of X,
¢ > 0, as the former is a function of I,1;, 7 € Ny and the latter is a function of
Is_i_j, 7 € Ny: this is no improvement over what was there before defining Y,
i.e. the random variable I, being independent of X, ;, ¢ > 0. The additional
element that the equation (11) (together with (12)) brings in, is that it allows
the probability of Y to remain unchanged under the condition of interest or not
(implying a form of independence of YIP3] with each Bernoulli variable on the set
{( X1, Xsp) = 1p, (Xsq1y oo, Xowp) = ip, Xsy =2, |l = (p+1),...,(p+
n)}, n € Ny), subject to shrinking the sample space for the variable; this seems to

[(Xs—pz"st—l);(XS‘Fl7"'aXS+P)}

justify Yy being a latent equalizer predictor of X, based on

Xs—i, 7] €N,

3.2 Symmetrical Probabilities

For variables with two values only (k = 1), say wvo, v; (vg # v1), there is interest

whether it holds that
P(}/;[iPﬁF] — w) = ]P)(}/;[l;ai;’] — w>7 w = ’U[),/Ul (13)

(it is reminded that the two random variables are defined on different spaces and

the index ‘s’ for both is used ‘loosely’). If (13) takes place, then

E{fu(l"" *P“)flm(fsif“ ). fz-Fpuéf; ey
g B (10 00) o (L7000 0) sz,,( >>}
A )fu)l(fsif“’ ). fw< i ”W”’)}

e B (171717)

> *
ZPl( iil ARyt Fp—1) ) fzpp( Sfpp 1yt P,1,W ))}

and, consequently, (13) results in the key equality

B fug (RLm20000) i (LS00 o (R >>}

E{ i, (L70450)) fi (I 00y L (1 < i)y

B fur (72020 fig (TS0 ) i (L >>}

B fup (107050)) fip (15 00) L i (1 ( Sy (1)
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Lemma 1: If the order p = 1 or p = 2 then (13) definitely holds.
Proof: For p =1, (14) becomes

©

S

E{ foo (1874)) fipo (LD YEL fur (1079) i (1)} = o

B{ fur (107)) fig s (L)) YEL g (1070) fi (150))) =

©

or wiP) (o) limn) p ) liea) () (im) 2 00) s holds when ipg = i 11 ©
V0 iF,l U1 'iP,l - U1 iF,l Vo iP,l’ P,l - ,I/F71 as we S

as when vy = ipy # ip1 = Vo Or Vg = ip1 # ip1 = V1. E
For p = 2, the equality under question reduces to <

:

liP1ip2) (vosip) _(ir100) | (ip1sip2), (V1ik1) (ip101) _ g

vo (3281 iF,2 v1 ip ip2 )

(ip,ip2) (v1ip1) (iF101) (ipq,ip2), (v0sir1) (ip1,v0) o

7TU1P1 "2 (3281 iF,2 7T110F1 2 ip,1 ip2 n

e

and the reader may try all different values to verify its validity. [J -
e

(&)

Next it is explained why (13) is investigated whether it holds. If it is true, it =
may be derived as well that °
o

o

P(XS =W | (Xs_h . 7Xs—p) = i;, (XS+1, e 7Xs+p) = iF) = Ha

PXs=w | (Xso1, .oy, Xoep) =1r, (Xsp1, -, Xogp) = 1p). (15) =

c

In fact, it was Besag (1974) crystallizing that symmetry conditions often take g
-

place regarding the deterministic coefficients for spatial models of interest: for the -
o

auto-normal schemes (i.e. Gaussian variables that are characterized by an up to o
c

second-order dependence), those coefficients would be found in E{X|X,_,;, i = <

+1,...,+p}. Later, in the simultaneous Auto-Linear model of Dimitriou-Fakalou
(2010), the symmetrical coefficients were demonstrated to be (proportional to) the
auto-covariances of the Y latent process, which was a moving-average series with
pairs of variables uncorrelated when more than p (i.e. the order of the model) steps
away. Hence the short investigation that took place here regarding Y symmetrical

probabilities is natural and just.

For Bernoulli variables and p = 1, the dependence is still linear (the conditional
expectation of X, given X, ;, ¢ > 1 is a linear function of X i, the conditional
variance is no constant though), so that an even auto-covariance function might

describe it. The material point is that
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E{x") x xry — R{XxP X@ XY p e N, (16)

for any w, vp, vp = 0, 1, where the operator X, i = 0, 1 generates either X (i=1)
or 1 =X (i =0), when X isin {0,1}. The general Bernoulli property (16) results
in

PXs=w| Xson=vp, Xsin=vp) =P(Xs =w | Xs_p = vp, Xsin = vp),
which easily justifies all symmetrical probabilities (15) for p = 1.

Lemma 2: For any fixed order p € N (k = 1 and values vy, v1), it holds that

]P(XS =1 | Xs—nzvh Xs—l—n:UO» n = 17.-',]9) -

(V1,ee0501)
Ty
PXs=v | Xspn =00, Xssn=2v1, n=1,...,p) = o ._.Ul)l T (17)
,n.vl 30y + 7TUO 30ty

which can be linked to a natural interpretation.
Proof: Obvious. [J

Lemma 3: For any fixed order p € N (k = 1 and values vy, vy), it is true that the

‘oscillating’ conditional probabilities are symmetrical, i.e.

]P(Xs =w | Xso1 =y, Xs+1 =0, Xs—2 = U07Xs+2 =V1,...

(Xs—i-p—l :)Xs—p # Xs+p(: Xs—p+1)> =
]P)(XS =w ’ XS,1 = v07X8+1 = /UI;XSfZ = /01st+2 = Vo, ...

(Xs-l—p—l :)Xs—p 7é Xs+p(: Xs—p+1))

holds for both w = vy, vy.

Proof: 1f p is even, it holds (for either w = vy, v;) that

]P)(XS = w,X5+1 = UQ,X8+2 =V1,.. .X5+p = U | Xs—l = V1,... aXs—p = ’Uo) =

IP)(XS = w,XS+1 = Ul,XS+2 = U9y ... ,X5+p = Vo | Xs—l = U9y - ,Xs_p = ’Ul);
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if p is odd, it can be shown that

]P(XS = U},Xerl = Uo,XerQ = V1,... ,Xerp = Vo | Xs,1 = V1,... 7Xsfp = Ul)
]P(XS = ’U),Xs+1 = Ul,XSJrQ = Vo, . .- 7Xs+p =1 ’ Xs,1 = Vo, ... 7Xsfp = Uo)

(v1 vo...v1)
vo

= ooy W= V0, Ut ]
U1

In addition to the Y latent series of the auto-linear model (Dimitriou-Fakalou,
2010), for any p, k € N, the variables Y as defined in Section 2 also follow a moving-

average like pattern, in the sense that Y; is independent of Yy, |i| > p+ 1 (p-

Natural and Formal

dependence). Due to the discretization within a finite number of categories and

the extensive use of index variables, it is possible to compute joint probabilities
of the Y variables. It is reminded that symmetry conditions for the original X
modelled naturally in space, such as (15) when it holds, translate for the spatial
latent equalizer predictors Y, such as (13), respectively. Nevertheless, the varying
conditions under which the different Y series are considered could be making an
essential difference to the various equalities, so the probabilities of Y or M should
be computed with care. Below, there is a couple of examples of unobvious restrictions

on the parameter probabilities of the spatial Y or M.

Probability restriction examples: We consider Bernoulli variables and order p = 1.

We start with
PP = 1) =m” m? £ m” (1= m) = P = 1), (18)

as opposed to the special case of (13) when we know that

London Journal of Research in Science:

7T§0)7r§1)

PI=1) = -
mm 4 (=)

1 1

(1 —at)
1 1 1 0
a1 =)+ (1 -7 - )

=Py =1): (19)

though the left-hand or right-hand side of (18) seems to be ‘proportional’ to the left-

hand or right-hand, respectively, side of (19), an equality does not become apparent

from (18); Y% and Y are defined on different spaces resulting, here, in P(m" =

1) £ P(mi"% = 1),
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We continue with interest in moments (probabilities) of two random variables,
and we try to discover analogues to the even auto-covariance function of the auto-
linear Y latent series by Dimitriou-Fakalou (2010). Hence we consider the case
(MY =1 M[H] = 1} and compare it to {M") = 0, M[H} = 0}, in terms of
probability: this seems to be the closest possible to reversing the order in the transect

of the two M-variables, i.e. M%) and M0,

An adequate space must be taking place for either case. In the first case, we write

111 M
{mm[so’l][l’o] =1} := {[(0) =1, [gf;l) = O} (‘mm’ is one symbol), with probability

of occurrence

PmmPI = 1) = 79 [P = 1) UL, = 0) + P(IL, = 0) P, = 0)]

0 1 1 0
= O () (4 1),

and followed by

1
U0 _ 1) = P(LY =1, I}h =1, [}, =0)
= ]P)(mmLO 1][1 O] _ 1)
o

P(MO = 1, MY = 1| ]

1-— 7r§0) + 7T§1).

)
In the other hand, we write {mm!" = 1} .= {IS) = 0,[5(132“) = 1}, and con-

: (1) :
sider the events {Ms[l’m =0} = {Is(l) = O}U{]i_lfl ) = 1} and {Miﬂ] =0} = {Ié?r)l =
0} u {[szH = 0}. Observe that

1 0
P = 0,180 = 0,180, =1) _
P(mm[slo][ou:l)
1 0 0 0
1-mHa-=n"=”  _ a-n")
1 0 1 0 1 '
(=) 5+ (=) Al 41—

P10 = Mig&] 0 | mmM001 = 1) =
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Not only is the sum of the two conditional probabilities equal to unity (this might
be attributed to the fact that the realizations 0 and 1 have to switch as well), but
even more so it is true that

IP’(MS[OJ] — 1aMs[ii?] =1 mm[f;l”lm =1) = P(X,=1|X,.1=1,X,4,=0

and Formal

Il
~
£
Il
—_
£
L
I
=
s
s
|
—_

Natural

( )
( )
P(MM =0, M5 =0 [ mm00T = 1) = P(X, =0 X,y =1, Xss1 = 0)
( )

il
~
2
I
)
s
|
I
=
s
s
I
—_

((17) might be referred to) and the relation between the symmetrical conditional

(from past and future) probabilities of X, translates to the joint probabilities of M-

in Science:

adjusted (Y'-like variables). This basic result can be considered as one of a plethora
of unobvious restrictions that do take place regarding the Y series dependence: those

might concern joint probabilities of not necessarilly just two variables (especially for
p > 2). Thanks to the model (4), with Y defined from (5), following M and m

defined from the I series, there should be no danger that the restrictions might be

of Research

overlooked by the spatial parameterization. The building block of the I series (hiding
behind the m, M and Y’) should make sure that any probability is computable and

any relationship in the probabilities may reveal itself.

3.3 Time Reversal

It is easily demonstrated that once the pth order Markovian dependence resulting

London Journal

from the ‘causal’ representation in the transect takes place, the same holds for the

unilateral representation from the other side: hence, for any n € Ny, it holds that

]P)(stxo ’ X3+1::Ijl,...,XSer:xp,...,X3+p+n:xp+n):
]P)(Xs — xO,X5+1 — .’L'l, o e 7Xs+p — .Z'p, e ,X5+p+n — $p+n) .
P(XS+1 — :Ul, o e 7X5+p - .I'p, e 7Xs+p+n - $p+’n)

IP)(XS = x07Xs+l =T1,... 7X5+p = xp)
P(Xsp1 =21, .., Xotp = Tp)
P(Xs+p+n = Tptn, - - s Xotptl = Tpt1 | Xorp = Tp, ..., Xop1 = 21, Xs = )

]P(Xs+p+n = Tpin, -+ Xsiptrl = Tprl | KXetp = Tpy oo, Xgy1 = Il)
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where straight from the p-variate memoryless property (3), the last ratio is equal to

unity, so that one can continue by writing

P(Xs = $07X3+1 = T1y... 7Xs+p = xp)
P(Xsp1 =21, Xogp = 1)

= ]P)(XS = 2o | Xs+1 = T1,... ,X5+p = ZL'p),
i.e. a causal {X;, s € Z} satisfying (3) also satisfies

]P)(XS - .CCO | XS+1 — xl, .. 7Xs+p - :Cp, e 7Xs+p+n - .Tp+n) -

P(Xs =20 | X1 = 21,..., Xs1p = x,), for any n € Ny. (20)

Additionally, a more general statement concerning a series of variables that occur
holds as well, i.e.

P(Xs—n =Tny--- 7Xs—1 = T_1, Xs = Zo | Xs+1 = T1,--- 7Xs+p - mp) =

n

(21)
H P( X =2 | Xomms1 = Tompr, - - s Xs—mip = Tomtp ), for any n € No.

m=0

Thanks to (20) and (21), we may continue under the following assumption: there
can also be (k + 1)P sequences, say {Js(jl”"’jp), s € LY, Jiyo-dp = 001,00, 0
of independent (on different points of the transect and from either sequence) and

identically distributed variables, with marginal distributions

Pgl""’jp) = P(Js(jl""’jp) =w)=P(X;=w | Xep1=J1,- - Xogp = Jp)
for w = 0,v1,...,v, such that it can be written for any s € Z, that

X, = Jeens) (22)

S

Then it must hold that

pq(gly“"jp) = ﬂ-.gipfl"“)jlzw) .ll) (jp—lv"':jlvw), (23)
ll} (jpr"'vjl)

where Y,...q,) = P(Xs-1 = #1,...,Xs—p = ip) are the ‘stationary’ probabilities,

which have been obtained as a unique solution to the linear system (i.e. satisfying)

o (12,eeryip,w)
w(il"“)ip) - Z/]Th? ! ’ lp(i27“"ip’w)'
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The linear system

7 Jeenyi1,W % C_G

21, i sz v ' 'l/)(w,il,...,ip,l) =

S

W

must yield the same stationary distribution Y* = ¥ to be the unique solution: by 5

c

substitution in the system above of pl Ip—tnia ) according to (23), it is easy to verify ©

that 1 is a solution indeed. Additionally, { X} must be a ‘causal’ (from the ‘future’) ©

=)

process based on {JS()} (see Dimitriou-Fakalou (2019)). =

z

Following an identical argument as from the I to the Y, it can be written )

(&)

[

n = ST folTEO) - fi (L) i (I ) e

w=0,v1,...,Uk (0p]

and <
[im.:i7%] ; ( AP i F, i ip 1, JUE)

NS = gm0 ety L f (gt ), o

so that it is defined S

7))

L L L (24) °

ngl};lf,] ) Y:[l"l};l;} — Ns[l};l};] o

o

i.e. Yo s defined on the sample space {ng};i;] = 1}. Then it must hold that e

5

XS — }/'s*[(X5+p,...,X5+1);(XS,1,...,Xsfp)} = )/S[(Xsfpw-)Xsfl);(XS+17"'7XS+P)]' (25) 2

<

i i . : . O

Equation (25) sets Jir) = ]s( ) but only provided that X, = ipn, Xsin = iFn, ©

<

n=1,...,p. <

In fact, regardless of the values of X, _,,, n = =41,...,+p, it could be considered
for every ip and ip, whether it holds that mliPir] — n([si};i;] = 1; then, provided that

P(Y[lp,lF] Y. #[ipsipl — w | m[siPﬁF} — nLi}?iH = 1) _
P([gi;) _ JS(iF) —w | m[siP;iF] _ nLi};i;] =1)=

PXs=w | (Xoso1y .., Xoop) = 1p, (Xsg1y -+, Xopp) = ip) (26)
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holds for all w = 0,vq,...,v;, it would be fair to conclude that ylirsirl Ys*[i;;i;]

(defined on the intersection of sample spaces) has all the elements, to take the role

of the (conditional) latent equalizer predictor of X given X;_,, = ipn, Xsin = ipn,

defined) would be independent of X, n € N. It is mandatory for every s € Z, that
for at least one out of the (k+1)? possible ip1,...,ipp, iF1,- - irp = 0,01,. .., Uk,

it holds that ms =1 and ny; = 1 and Y, = Y, together with

I[D(Y'S[(Xsfpv"vxs—l)5(X5+17-~-7Xs+p)] — Y;*[(XSerw"va+l)i(Xs—l7-~~7Xsfp)] = w | Xs—ia 7 ?é 0) —
]P)(Ys[(XS*P7"'7X571)§(XS+17“'1X5+P)} = w | XS—i? /L # O) =

P(y;*[(Xs_,_p,...,XS+1);(X5,1,...,Xs_p)] —w | Xs—i; Z# 0),

it remains a question to be answered though, whether (26) can or should be at-
tempted to hold. Formally, one would be able to consider for every s € Z, that the la-

tent equalizer predictor of X based on X ,,, |n| € N, is Y[ Kompron Xom1)i(Xotn Xstp)]

Y;*[(XS“”'"’XS“);(XS_I""’XS_”)] and should proceed conditionally via Y or Y*.

V. AN INTRODUCTION TO THE TALMA

Write jP = (jP,q7 s 7jP,1) (and j? = (jP,la s 7jP,q))> jF = (jF,b ce 7jF,q) and con-
sider {Is(if’lj;), s € Z} to be a series of independent and identically distributed
(k + 1)P*9-vectors (ip1,...,ipps jpis---sipg = 0,01,...,v;), which will be used as

a building block for the series of interest. Write
Wg(ci;u;) = IP’(Is(i;UP) =), x=0,v1,...,0, Z Wg(;i;“;) =1,

as well as Is(o”l()q) =1, and Wg(go”lo‘]) = 7,.

Definition 1: {Xs, s € Z} will be called a Table Auto-Linear Moving-Average
process of order (k,p,q) and it will be written {X;} ~ TALMA(k, p, q), if it holds
that
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XS = }/;([(XS—PV"7XS—1);(XS+17"'7X8+p)]|[(YS—QV"’YVS—l);(YS-ﬁ-l7"'7Y5+q)])’ s E Z’ (27)

paired with

}/s — yg[(Xsfpw~:X571)3(Xs+1r~7Xs+p)]|[(stquysfl)S(Yerl7~':Y5+q)D7 s € Z’

where, for every ip, ip, jp and jg, it is set

and Formal

mEPABEIE) (L) i ()

((iplip)) . . . .
f‘ (I((Is pPlp 7ZP,17~~-7ZP,p—1)\(IsJP,hmJP,q—l))) . .
1F,1\"s+1 e

Natural

) . Gplip) . . . .
f, (I((’LF,pflz-“ﬂF,lyIs PiP )|(Is+p71(?:]F)’"-’JFJ»ISJP,Iw-»]P))) (28)
1F,p \"5+p )

followed by defining on the sample space {mg[ip rlllipdrl) 1} only, the variables

in Science:

ylirielliedr)) . 1 and  y(Eedellliedr) = p0PUPR),

1. Definition 1 presents the spatial analogue to the Table ARMA (k,p,q) equa-
tion (see Dimitriou-Fakalou (2019)), which models the infinite Markovian de-

pendence (see Dimitriou-Fakalou (2022)), in the same way that the standard

of Research

time series ARMA is an AR(oc0). Indeed it can be verified for the process
of interest {X,, s € Z} that X, = [{FomtrXompllUomtilona)) g e 7 it s a
prerequisite that this is causal, implying strictly stationary, (as in Dimitriou-
Fakalou (2019)) and invertible (as in Dimitriou-Fakalou (2022)). Additionally,
the main latent process {I} converts into {Y;}, which shares the same real-

izations but, each time, the y-value is picked from a different probability rule,

London Journal

depending on the fixed values of X and I from both sides. Note that, if (28)

1s re-written as

ij,l(YS+1) Tt ij,q(YS-HI) ’

(GBIB)) . . .
1, I((Is ﬂP,l7--~7’LP,p71)‘(ISJP,lr--»]P,qfl))) .
1F,1\"s+1

. . (iplip) . . . .
f' (I((2F7P—17"'7ZF,1,ISIP Jp )|(Is+p—1(?:]F)y"'ij,l7IS7]P,17"'7]P)))
LF,p\"s+p ’
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then the definition of y{'7#F13737) resembles that of a TARMA (k,q,p) caused
from the future, though the comparisons should be done with care (this is
due to merging the different y processes into one Y for the ‘AR’ part and
considering a p-dependence for the ‘MA’ part). Still, it should be clear that

ipsiellipdr) y-(Gpinlliede)

X, and yi Y Yo ), for positive (and valid) [, are independent

in the same way that X, and I,,;, [ > 0, are independent).
+

To exhibit the independence of X, and y#Arlllirdrl) “y (irdrlliedrl) 7 o
some form of time reversal would be required, i.e. writing X, as a ‘causal’
(from the future) function of another sequence of, say J, iid variables, with the
same variables from the past only determining the values of y, Y. Nevertheless,
not only would time reversal be expected to be an arduous (if not impossible)
task, but also it is not really needed, in order to solidify the vital property of
the TALMA model (as in (29) and the statement following it, which conclude

this point).

So without resorting to any other than the I building blocks, first see that

{Xs—l =1ip1,. - )Xs—p =1lpp, Xs+1 =1F1,. .. ;Xs+p =1lFp,

-[s—l = jP,ly ceey ]s—q = jP,qa ]s+1 = jF,la v 7-[8+q = jF,q} g
{mg[iP;iF”[jP;jF]) — 1}'

Secondly, it is easy to spot

PXs=xYs=y | Xec1=tip1,.... Xsp=1pp, Xst1 =ir1,..., Xstp =1pp,
I i =jdp1,- Lsqg=Jprg Lst1 = Jra,--  Lsvq=Jrg) =
P(ISP o) — x, Iy=y | Xeo1=tip1,....Xs—p=tpp, Lso1=17Jr1,. -, 1s—g = jpg
mg[ip;iF]|UP§jF]) _ 1) =

P(Iﬁip'jp) =, I, =y | mUrirlleic) — 1)

where the last equality is due to the fact that X,_;, I,_,, [,n > 0 are jointly

independent of [g"'), m$) . Identical arguments write, for any Iy, m; € N, that
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ls 1= Jpa; s q:jP;q; |5+1:jF;1, -,|S+q:jF;q; ‘_g
Xspn =150 s g my m=15:01,my) = o
LL
P(|S(;ipjjp) =xls=y j mg[iP;iF]j[jP;jF]) =1): o
c
@®©
Thirdly, set for convenienceo := maxfp; g, ir = (ig;ippsr;:iiiro) Jg = =
(iejrqee: it iro), and slightly shrink the sample space témg " 'FI0P e — E
1g f mglp,lF]J[]PvJF]) =1g, where >
Gediellede) . ¢ Cf y
ms T JF;1( 5+1) JF;o( S+0) c
Ciplip) ;... . P : o
fi,:;l(lés.lls dpcinipp Dilssip1inipg l))) s 5
i i n
fiF;p (I ég-il[:);p v PUP))j(jF;p vl e ulsiei p))) e -

(ko 1::)i(ro 13 msls))
fiF;o(|S+g ' ro ) ﬁ
o
(the rstline xes the case p 1> q, so thatjg, ; exists, and the ::: last o
()
line takes care of whery > p, so that 1¢' is the last entry in the MA part), so o
that it becomes clear why it holds that e
(ipiip) — o] — ; _ e - . — e E
P(l's =Xls=y ] Xs1=lp;iiiiXs p=lppy Is 1= Jpasiiiils = Jpgs c
meUP e llPieD = 1y S
-
P(ISP”P) =Xls=y ] Xs1=lp1;ii; Xs p = iP;p; Is 1=Jpasiiisls q= Jrg g
ms([ip;iF]i[ip:jF]) =1 g
o
-

for any ni;n, 2 N: a similar relation can be found in Section 3.1.

To sum it up, the TALMA( k; p; 9 model forf X ¢g, is such that the probability

PXs=XYs=Yy ] Xs1=lp1;ii;Xs p=lppy Xs p 13 [=150000 10,

Ysi1 = JR1 05 Yse0 = JFios Yseorn 3 N =1501100p);

remainsunchangedfor any |, my, Ny, Ny 2 N.
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The adjustment from ms to mg (which is not the case for the linear series)
might be attributed to the fact that the model is multiplicative on the AL and

MA parts, i.e. those two are tangled together.

2. It is clari ed next how to employ the special merit of the TALMA equation,
which has been attached to the use of the partitioneld latent series. When
g = 0, the TAL( k; p) process is none other than what was described in Sec-
tion 3. It is accustomed that the inclusion of the moving-average part with
order g 2 N, o ers a parsimonious way to model then nite Markovian de-

pendence its spatial versionis what the TALMA is all about.

To demonstrate how to approximate it, rst for any n 2 N, write the “condi-

tions'

P 5 =(n+1);u(n+pyy o =(n+1)(n+q) =

fXs =x ; =(n+1);::5(n+p;Ys =y ; =(n+1);::5(n+ gg;
and

p (¢ pix ak(xamsxollly aissy aiavol) o= p(X = xo: Y = Yo j Psyoy; Fsi0)):

PXs=Xo] Xstm =Xm; m= 1:::; np Xee =X ; = (n+p);
(n+1);(n+1);:::;(n+0); Y« =y; = (n+Qg);:::; (n+1);
(n+1);::::(n+ 0) (30)

2 Q6RP H6SDADCRRMCHIMRQVR WH7 DEXOWG &DMIRUFDO 6VIMRQDY 6HUHY 1 DIXUDOD RGHIQ) 3 URECELOWV 5 HWMPARQY
0 DUNRYIDQ'  HSHOGHOAH

Volume 23 | Issue 8 | Compilation 1.0

© 2023 Great Britain Journa



will be of interest. To compute (30), rst re-write it as

f P(Xs = X0} Ys = Yo; Xsem = Xm; Yorm = Ym; M= Liii) nj c
ym; m=0; 1;:; n —
Xst+ =X ; = (n+p);::; (n+1);(n+1);:::;(n+ 0); Lf
Yoo =y, = (n+q;:i; (n+1);(n+1);::5(n+0))g= c
X @®©
f P(Xs = Xo; Ys = Yo; Xs+m = Xm; Ysem = Ym; M= L) nj =
Xg:¥ym; m=0; 15 n ;
Xet+ =X ; = (n+p);::; (n+1);(n+1);:::;(n+ 0); p
z

Yoo =y; = (n+ao);:; (n+1);(n+1);::05(n+0))g;

then observe the important relation

P(Xsem = XXm; Yorm = Y¥m; M=0; Lty njPsm;Fam) _ ¥
P(Xstm = XXmi Ysem =YYy M=0; L::55 njPsmyFsm)

1= n

fFP(Xsri = XXi; Ysui = YV ] Psynys Xsrj = XXj3 Ysuj =YY ) =
il L X = XX 5 Yeep =YY 5] = i+100n; Fam)g =
fFP(Xsri = XXi i Ysri = VY ] Psinyy Xsej = XXj; Yauj = YYj5 ) = N
i L Xep =% Yerp Y J = i+15000n; Feamy)g (31)
which nds its roots in Besag (1974) together with a sketch of proof. Indeed,

by taking its right-hand side, it can be re-written

A4

i= n

London Journal of Research in Science:

fP(Xs+j:XXj;Ys+j:yyj;j= n:ooi 1:
Xerj = XX 5 Ysrj =YY 50 = 00:50 [ Py Fsmn)9s
fori = n, the factor becomes

fP(Xs n = XX n; Ys n =YY ni Xevj = XX 5 Ysej =YY, 5
J = n+1;::0n)Psmy; Fsm)g=

fPXsej = XX 5 Yeuj =YY 5] = NiiiinjPsmy; Fsm)d
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with its denominator being exactly what is wanted and the numerator will
cancel with the denominator of the next factor (fori = n + 1), which is

altogether

fFPXs n = XX ns Ys n =YY ni Xs ne1 = XX ns1s Ys ne1 = YY n+t;
Xs+j = XXj ; Ys+j = yyJ , J = n+2;:::;nj PS;(n); Fs;(n))g:
fP(Xs n=XX n; Ys n =YY n; Xs+j = XXj 5 Ys+j =Yy

j = n+1;::0n)Pgsny; Fsm)d
and so on. Similarly, the one before the end factor € n 1)

fP(Xstj = XXj; Ysuj = YY;5 1= nyiiiyn 1
Xsen = XXpni Ysen = YV, ] Psnys Fsin))9 =
FP(Xsej = XXj5 Ysrj = YYj5 ] = miii;n 20 Xern 1= XXy 1

Ysin 1= YYn 15 Xstn = XX Ysen = VY, ] Psin)s Fsn)0;

will have its denominator cancelled with the numerator of the previous factor

(i=n 2) and its numerator cancelled with the denominator of the last one
for i = n, which is
fP(Xs+j = XXj5 Yarj = YYj5 ] = NN jPsmy; Fsm)g=
FPXsej = XXj5 Yoy =Yy J = miiiin L
Xsin = XXpp; Ysen =YY, j I:)s;(n); Fs;(n))g:
as for the numerator of the last part above, together with the denominator

of the rst factor, those are combined to verify exactly the statement under

guestion.

Once (31) is valid, given the same conditioRs, ), Fs;ny, the distribution

P(Xstm = XXm; Ysem = YYm; M=0; 1,:::; njPgsmyFsm);
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ABSTRACT

YDVMFVR VFDOUDQG YHARU) LQWI4 XDQMP ) IHTS 7 KHRUHY DUHUHD@BG VWHAMQI WHLP SRUBQFHR WH
TXDQA] DARQ R FIWWFDOSK\ MFDOI LHTV Dv2 SHDRU 9 DOXHG ' MMEXWRQVZ LW \SHAL LF | DWGHRUHDMQJ

WA XQPARQY RN WH FRRUGLQDWAY 7 KH SURFHEXUH UHVSHRAW IX@ RIHQW DQG M P P HA) LQYDUDQRHY DQG

GXH VR WH SUAWHIFH R WMMXQPARQY. DGV \R 1LQMW ) H QP DQ GDIWDP V GLLHA® DAMKH SK\ MFDO
AP HMRQ' QAP HMRQ MR Z LW VXAK WARIXQPARQ WDWAH FDQRQLFDOT XDQW DARQR

WH P DAVGW WFDDU [ LHTB LV IRXQG VR EH IX@ FRMMMOWZ I WH P RUMVXFRHWXEE&RQ RUP DO) LH
7KHRUHAF DBSURDAK SIRQHHHG B\ %HDYIQ  3RODNRY DQG =[P RBRGAKINRY 1Q WH HOUD V 7KH
TXHMRQ LV WHQ WDIVHG KRZ 3RIDNRY'V Z RUGIOH SDW LOMILDOUHSUHHMARQ R WH UHIWYIVAE QY

FRX@ SRWE® GDG\RILQW) H QP DQQ GDIUP V 7KHQDMWDXZ D R LOTXIUHVLVWURXIK WHH WMRQ
R WH WQ IRPDDP ZIW FOWMAO FROYROWMG FRREQDM/ GDAQI WHQ R 2 SHDRU

9DOHS ' IMMEXWRQV DQG WHHE\ \R) LQIW 4 XDQWP ) LHT 7KHRUHY |, WY VKRZ Q WDMQ WH SLIRFHW
\VRP HDJH RIS FHIAMGHY DERXWIXDQW] HG WMQIVDHVRP HZ KDARRWMBIG
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