Quantifying Ruin Metrics in a Diffusion-Driven
Erlang (2) Risk Model with Dependency
Modeled using the Spearman Copula
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ABSTRACT

7KLY SDSHU IREXVHV RQ WH SHIMUEDWRQ R DQ ( UDQ UWN PRGDE D GUIXVRQ SLRFHW
FKD@BIJ LQ) WH DWXP SWRQ R LOGHSHOGHOPH EHE HHQ FDIP  DP RXQW DQG LOMUFDIP GXUDWRQY 7R
DFFRXQW RUD BLOGHSHIGHOR VAXPMUH Z HLQWRGXFHWHGSHDLP DQ FRSX®@ HIDEQQ) WHHYDOXDAWRQ
R * HEHJ 6KLX I XQPARQV DQG UXLQ SLREDELMAHY DWRADWMG Z W WLYP RGHD2 XUDQDO Y GHYHVLQR
WH/ DSOFHWDQMRP VR WH GVARXQMS SHIDOV | XQRARQ DQG WH SUREDEL@N R UXLQ 7RZ DUGVWH
FROFOMRQ H STAMH SUHMRQV DUH GHLYHS DFFRP SDQIHG B\ QXP HFDOH DP SOV LAXMADAQ) UXLQ
SUREDELOWHY | RULQAVIGXDOFDIP ] HVZ LW H SROHMDOGMAMEXWRQY

_t«lz, JHEHUWKIX IXQPARQV GHBHOGHOH FRSX® LOMIWR GUIHHMDO HTXDARQ @SOFH
WDQMRP  XLQ SUIREDELON

“O Uz, (BQAYHMW-RUBK. , =(5% 98 2 XDIDGRXJIRX 96XUNCD) DR
1( 8QYHMW2XDID 6 9XINQD) DR~ %3 2 XDIDGRXJRX

| ( FROI1 RP DBI6GXSpUHKIH 98 2 XDIDGRXJRX  9%XINQD) DR

E (8QYHMW7KRP DV6$1. $53 IXINQD) DR 93 2 XDIDGRXJIRX

l INTRODUCTION

$ : IHQHUGIXVRQ KDV EHHQ DEGHS VR WH FIDALF &RP SRXQG 3RMRQ P RGHCE\ > @VDQH \WMRQR
WH FOOWWFDOUMN P RGHD 6LQFH WHQ P DQ\ UHVFDUAKHLY KDYH VENHQ DQ LOMHMALQ WLV P RGHO P DNLQY
WHU RZ Q FROMEXWRQV ) RUH P S® > @ RUWH SUREDELOW R WXIQ > @ RUWH GMMEXWRQV R
PO P XP VXSOV EHRH XIQ DQG GHIAWDMXIQ 7KH LOARGXPARQ R WH GV FRXQWMG * HEHJ 6KLX
SHODOV I XQPARQ > @KDV EHHY XVHG LQ > @QG P RUHUHFHRW 1Q> @RWXG WHP RGHY W %4.RZ QDQ
SHIXUEDARQ , Q DGEMRQ MLV SRME®! VR FRMGHJD 6 SDUH $ QGHIVHD UMN SLRFHW DOR NQRZ Q DVD
UHQHZ DOUMN SIRFHW 1Q Z KIFK WH GMMEXWRQ R LOMFBIP WP HY 1V QRAFRQMDIQHS R IRTRZ DQ
H SROHMDOGMMEXVWRY 7 KHH WYAEHY LOFXGH JHHDDVHG (UDQ) Q WP HY DV 1Q > @ $ @WHWH
P RGHY DAXP H LOGHSHOGHOAH EHE HQ LOMFDIP WP HV DQG FOIP V] HY $ OKRXIK LOGHSHGHIAH
VP SQLH/ FDBXOMRQY IRU P XOAS®! TXDQWMARY R LOMHW WP D QRWEH XWEE®! |RU P RGHIQJ
FDAMARRSKLE HYHW VIXFK DV EDQNUXSWLHY LQ WH EDQNLQ) DQG LOVXUDQRH VHARYY 7 KH ILUMADMP SW\R
FKDUIDAMMH D GHBHQGHOR  VWKPMUH EHE HHQ 3RMWRQ LOMFDIP  DULYDOWP HY DQG FOIP ] HV DWH
SIHWHWG 1Q > @ZIW DQ H SROHMD® ZHIKWG P L \WWWH GBHXGHR DG 1Q > @ZILWK D
) DUIH * XP EHO0 RUHOWMD )* 0 FRSX® 7KHDXWRY/> @G-DOZ IW D G-SHJGHOR VAKPMUH Z W
DQ ( UDQJ LOMFDIP WP HYFRP ELCDARQ DQGLO>  @Q ( UDQJ DULYDOZ W DQ) * 0 FRSXMD YXMHH
P RGHY GR QRAMOQFRUSRIDM GLIXVRQ SHIMUEDARQ 1 HYHIMHBW Q> @WH GHDOZ LW D FRP SRXQG
3RWRQ UM P RGHOZ IW WH VER H WMRQV D GUIXVIRQ DQG D GHSHIGHIAH WWXPXUH FRSX@® WSH
)*0 +RZHMHJ WH)* 0 FRSX® KDV RQH QREE®! P VAR DV IMGRHY QRAMINH LR DRFRXQMAELO
GBHUGHOAHY 7RUP HB WL > @QG> @EDVHE RQ WH FIMWAFDOP RGHOR WH &RP SRXQG 3RMRQ
P RGHO SLRSRHWHXVHR WH6ESHDUP DQ FRSX® Z KLFAK VENHY DFFRXQAR WL VILOGHSHQGHOAH
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D EURZ IDQ SHIXUEDWRQ DQG D 6SHIUP DQ FRSX® GHSHGHIAH VWAKRMWH 7KLY SDEHU LV RUDQ] HG DV
IRBZV ,Q6HARQ  Z HGWVUEHWH GHSHGHRH VWAKRMUH Z KIFK LV GHLOHG B\ 6SHP DQ FRSX@DQG
DQDOVH WH IRRW R D/ XQGEHJ WSHHIXDARQ 7KH/ DSOFHWDMRWP R WH SUIRECELOV R WKLQ DQG

\RP H H SCAWH SUIHMRQV DLH REVILQHS | RUWH UXLQ SUREDELOARY LQ VHPARQ

DQG RXEBRN DUH GHYHERSHG LQ VHRARQ

) LOD®  WH FRQFOMRQ

ll.  PRELIMINARIES

Consider the Erlang risk model (2) that is perturbed by Brownian motion :

Ut)=u+ct+oB(t)— > X;

where

N(#)

i=1

o u > 0 is the initial capital and c is the constant rate of premium per unit of time,

o N(t), the number of claim occurrences is described by a renewal process,

0 (X;)i>1, sequence of strictly positive random variables, i.i.d., independent of N(t) is the
amount of the i-th claim. Fx represents their distribution function, fx the density
function and f% the Laplace transform.

N(t)

o B(t), standard Brownian motion is independent of ) ° Xj, i.e. independent of N(t) and

X;.

o o > 0 is the diffusion volatility.

=1

Let V; = T; — T;_1, be the inter-occurrence times of the claim, that is a sequence of strictly
positive random variables and i.i.d. having an Erlang distribution (2) of parameter A with 7;
being the time of occurrence of the ith claim throughout our investigations. Fy represents their
distribution function, fy the density function and f;; the Laplace transform such that:

fr(t) = Nte ™,

Fy(t)=1—e M- Ae ™™,

=2l =(54)
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We also assume that X has an Erlang (2) distribution with parameter § and that the (X;, V;);>1
form a sequence of random vectors i.i.d. as the canonical vector (X, V') with the possibility
that the components of such a vector are dependent.

©
S
Finally, we assume that the claim amounts X, X, .... are exponentially distributed with L?

a parameter § > 0, that the random vectors claim amounts and interclaim occurrence times
(Xi, Vi)i>1 is a sequence of random variables with the same distribution as the random vector 2
(X, V). ©
©
We denote F(z,t) the joint cumulative distribution function of the distribution function of >
claim amounts and interclaim occurrence times (X, V) where (z,t) € RT x R™. ©
z
The moment of ruin U(t), which is the first time the risk process U(t) reaches a negative o
value associated with the risk model (1), is written as follows: 2
()
©
o inf{t >0:U(t) <0|U(0) =u} (5) n
N oo siU(t) >0, Vt>0. c
The probability of ruin in finite time ¢ is defined as follows: o
©
&u) = P (r € 0,1],U(t) < 0 |U(0) = u), o
(<))
and the probability of ultimate ruin (infinite-horizon probability) by: o
o
&u) = qu,00) =P (7 <o00,U(t) <0|U(0) =u). _
©
We decompose the probability of ruin as in [ | by: c
5
&u) = 8, (u) + 3 (u). 6 3
c
This decomposition is justified by the fact that the probability of ruin can be caused either _g
by the claim amounts 8, (u), or by the oscillation of the Brownian motion & (u). To ensure c
that ruin is not a certain event, we assume that net profit satisfies the following inequality: 3

E[cV — X] > 0. (7)
We can verify by rigorous calculations that (7) is equivalent to:
cf? > N2
In order to better study ruin measures, we introduce the Gerber-Shiu function defined by:

¢ (u) =B [e”7w (U(r), [U(7)]) I(7 < 00)|U(0) = ], (8)

where § > 0 is the force of interest; I(.) is the indicator function; w(zy, z2), the non-negative
value of the penalty function is a function of the surplus just before bankruptcy U(77) and
the deficit at bankruptcy |U(7)| for (x1,22) > 0. So is the probability of ruin, the Gerber-Shiu
function can be broken down according to whether the ruin is caused by the claim amounts or
by the oscillation, i.e:
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¢ (u) = uw (u) + ¢a (u), (9)

where
6w (u) =K [e™7w (U(r7), [U(7)]) I(r < 00, U(t) < 0)|U(0) = u], (10)

is the Gerber-Shiu function when ruin is generated by claim amounts, and

¢a(u) = E [e“sTw (U(T_), |U(7')|) I(t < 00,U(t) =0)|U(0) = u]
= w(0,0)E [ I(r < 00,U(t) = 0)[U(0) = u], (11)

is the Gerber-Shiu function when the ruin is generated by the oscillation of Brownian motion.
For simplicity, we assume that w(0,0) = 1. We also note that a particular parameterisation of
d =0 and w(0,0) = 1 brings ¢, (u) and ¢4(u) to the probabilities of ruin i, (u) and PYy(u).

2.1 Dependency structure

The concept of copula was introduced in 1959 by Abe Sklar. The copula are functions that
provides a general framework for studying associated structures of random variables and con-
structing multivariate distribution function using univariate marginal functions and multivari-
ate correlation structure functions. Copulas are used extensively to model the structure of
dependence between multiple random variables in finance and insurance ([ [,[ |,[ ][ ]

2.1.1 Tail dependence

Tail dependence is a measure of comovements in the tails of a bivariate distributions . He
describes the describe the level of dependence at the extremes of the distribution. Tail depen-
dence represents the limiting proportion that one margin exceeds a certain threshold given that
the other mzrgin hzd already exceeded that threshold.This measure is of great importance for
extreme events. There are two tail dependence coefficients (upper tail dependence and lower
tail dependence) which are defined as follows:

Definition 2.1 Let X; Y two continuous random variables with respective distribution func-
tions F' and G. The lower tail dependence coefficient \r, is defined by :

AL (X,Y) = ImP(X < F ' (a)|[y <G (a)) (12)

a—0t

and the upper tail dependence coefficient \y is defined by :

A (X,Y) = lim P (X > F () |V > G (a))

a—1"

These measurements can be defined in terms of a copula C.

Definition 2.2 (Tail dependence) Let X; Y be two continuous random variables of copula
C, then we have
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C (u,u) 1—2u+C (u,u)

M) = lig S and o (X¥) = lip -

S

Remark 2.1 5
L

e When A €]0,1]; then C has a lower tail dependency. )

c

e When A\, = 0; then C' has no lower tail dependency. ©

e When Ay €10,1]; then C' has an upper tail dependency. o

=)

e When \y = 0; then C' has no upper tail dependency @

z

Many authors ([ ],[ |,[ ], ][ |) have used the Farlie-Gumbel-Morgenstern (FGM) copula é

to define the dependency structure between the claim sizes and interclaim times. The FGM c
copula is given by: L
o

n

Co (u,v) =uv + cuv (1 —u) (1 —v);0 <wu,v < 1. (13) <

e

It is not suitable for modelling dependencies on extreme values because \;, = Ay = 0. ©

©

2.1.2 Dependency model based on Spearman’s copula g
()

In this article, the dependency structure of the random vector (X, V') of the amounts of claims o
and the inter-occurrence times of the claims is described with a copula C(uy, uy). In particular, 5
we use the linear Spearman copula studied in [ | then in [ | and defined in [ | by : —
©

c

Vael0,1],V (u,v) € 0,1, Cy (u,v) = (1 —a) C; (u,v) + aChy (u,v) (14) =

where ~
Cr(u,v) =wv and Cy (u,v) = min(u,v). S

©

c

The a parameter represents the degree of dependency. 3

The Spearman copula admits interesting properties in cases with extreme values. Indeed,
it suitable for modeling rare events in finance and insurance (earthquakes, hurricanes, floods,
etc.) because its upper tail dependence coefficient is equal to its degree of dependence, Ay = av.

The bivariate distribution function F of claim amounts and claim inter-occurrence times
with margins Fx and Fy can be written as F(x,t) = C (Fx(z), Fy(t)) (For the interested
reader, see [ ).

The Spearman copula is a convex combination of the independent copula C; and the comono-
tone copula C); (positive dependence between the components of the random vector). This
copula also has the ability to capture tail dependence in many situations such as earthquakes
and other rare events ([ |, [ ]).
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The Spearman copula is given by F'(z,t) = C, (Fx(x), Fv(t)), we obtain:

F(z,t) = Co(Fx(z),Fv(l))
= (1 —Q)C[ (Fx(x),Fv(t))—i—OéCM (Fx(I),Fv(t))
= (1—a)F(z,t) + aFy(x,t). (15)

The copula Cy;(u,v) on [0,1]°, has the set D = {(u,v) : u = v} as support. Furthermore,

0*C

5 8M (u,v) =0 on [0,1]*\ D and C) is the uniform distribution on D. When the dependent
udv

structure of (X, V) is described by the copula C);, then they are comonotones and there almost

certainly exists an increasing function [, such that X = [(V) (See [ ]). The distribution

function of X then satisfies :

Fx(x) = Fy (l_l(x)) = 1 e* te *=1 e! '™ | Yxe ' '™

First of all, we note by identification that

e P14 pt) =@ (1 + )\lfl(x))

then by a suitable deduction

Bt = N (z)
and last but not least
_ pt
[t = . 1
() =5 (16)
This gives us .
5= /0 e N @ g, (17)

From (16), we have [(t) = % . The joint distribution Fy(x,t) of the random vector (X, V)
is singular on the set D' = {(z,t) : Fx(z) = Fy(t)} = {(x,t);z =[(t)} as support. Similarly,

it is the distribution G(t) = Fa(I(t),t) =1 — e — Me ™ on D' = {(w,t) Lx = );} :

2.1.2 Dependency model based on Spearman’s copula

In this subsection, we analyse the solutions of the Lundberg-type equation associated with the
risk model (1) and we determine the Laplace transforms of the Gerber-Shiu functions. The
Laplace transform of a function f is denoted fx.

By T, = Z Vi, we denote the arrival time of the n-th claim with 75 = 0.
i=1

Let’s assume that Uy = u and V n € N, U,, the surplus immediately after the n-th claim
takes the form :
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n

U,=U(T,) = u+cT,+0B(T,) — > X;

i=1 «
n S
= u+> [cV;+0B(Vi) - Xi]. 5
i=1 L
This last equality can be written as in [ |, that is: c
©
U, 2 ch X;) +UB<Z ) °
=1 =)
b " g
= ZC‘/}—Xi+aB(‘/i)), z
. o
D e e 3
where = means "equality in distribution". c
Consequently, the equation (1) can take the following form: L
o
n n ('/)
U(Z%>:u+Z(CW—X,~+UB(W)). <

i=1 i=1
e
We adopt the "martingale" approach to determine the ruin time of the force of interest ¢. ©
Since the claim amounts are distributed exponentially, we have a light-tailed distribution, ©
hence the adjustment coefficient noted s, also known as the Lundberg exponent. o
)
o
To determine the number s such that the process {e*‘W"“U”, n=20,1, } is a martingale, o
we : S
- first use the Lundberg inequality given in [ ], theorem 2.1 on page 63 which guarantees e
that the probability of utlimate ruin satisfies the inequality & (u) < e™** with s > 0, 5
o
- then increase this probability of failure by introducing an exponential martingale from i
theorem 2.1 of [ |, page 322, S
°
- finally deduce the adjustment coefficient s asin [ | with 6 — 0, which satisfies the following c
equation in our case 3

E e—s(cV—X-HTB(V))} - 1. (18)

The equation (18) is called the Lundberg-type equation associated with the (1) risk model.
We shall see that it is essential for ruin measures.
We note that with (15), the equation (18) is written in the form (See [ ]) :

(1 —a)Jr + ady, (19)

where
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)‘262

2
(5-1—8)2()\—1—5—02232—05)

Jr= (20)

2
with the real part of the number s denoted Re(s), positive and Re (252 + sc) < A+0.

What’s more
)\2 52

<_022532 (BN s+ (54N ﬁ>2

Jar = (21)

2
with the real part Re(s), positive and Re (2552 + (B —N) s) < (A+6)p.

Lemma 2.1

i. When § > 0 and 0 < o < 1, the generalised Lundberg equation (18) has exactly two
solutions noted py (9), p2 (0) with Re(p;) >0, Vj =1,2.

it. When § =0, the equation (18) has exactly one solution noted p1(0), with
Re (p1(0)) > 0 and a second solution ps(0) = 0.

Proof. We start with i and end with ii.

f% being the Laplace transform of an exponential distribution exponential with parameter 3,

we have f% (s) = (%)2 In addition, we have [ (t) = %t. While observing the lemma 3.1 in

[ ], we obtain without difficulty

)\2B2 )\2&2

Jr = 3 5 and Jy = 5 (22)
(A+(5—sc—%s2> (s+5) (—502532—%()\—06)3—%5()\4—5))
with Re(s) >0, Re(sc+%282) < A+4¢ and Re ("2—232 - ()\—cﬁ)s) <BA+9).
In this case, the equation (18) can be written as
)\2 2 1— )\2 2
6(20‘3 -+ o S=1  (23)
(/\+5—Sc— %32) (s + B) (—%02552+ (A—cB) s+ (5)\+B5)>
with Re (s) > 0 and Re (%232 —(A=¢p) s) <BA+9).
When o = 0, the equation (23) coincides with equation (2.19) in [ | .
For o > 0, the equation (23) is equivalent to:
ha(s) = ha(s), (24)
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where

2 2

hi(s) = (B +s) <)\ + 68— %32 - cs) (—0;2552 —(eB=Ns+(6+N) B)

©
£
2 5 ©
0'2 2 0'2 LL
hao(s) = (1 — a) X232 (—2552—(05—)\)8+(5+)\)6> +aX?B3 (B + s) ()\—1—5—232—03) _—
s
By applying Rouche’s theorem [ | to the closed contour C' as in [ |, we have : ‘E
=)
A2B%(1 - a) N 32 ;
sh—glo 2 5\2 2 * 2 7| =0 (25) "
(/\—1—5—80—%82) (s+05) (—%B52+(/\—cﬁ)s+ﬁ()\+5)) v
[
on the contour C' where s # 0. o
Furthermore, for s = 0 , we can see that : can
1 — o) \232 \232 =
(1=a) 62 5 and 5 a’p 5 >0. (26) -
(8 +s)? </\+5—J282—cs> <—02652—(cﬁ—)\)s+(5+/\)5> 2
>
7))
Also, for s = 0 and 6 > 0, we have o
e
A252 (1 — 2232 hY 2 "5
g e () <t @ -
B2 (A +0) (B + o) B (A+9) @
5
because X232 < 52 (A +6)°. ©
<
Finally, by posing g
<
)\252 (1 ) )\262 °
— o -

q(s) = 2 N2 ;T z|>

(A +6—sc—%s2) (s+p) (—3028s2 + (A —cB) s+ B (A +9))
we have:
NP1 -« N (2
a(s) < e I, ’ :
<>\+(5—SC—%82) (s+5) (—%J2BSQ+(A—05)5+B(A+5)>

A232 (1 - «) AN B2
<
= B2(A+0)°  B(A+0)
< 1 (28)

Since hy (s) has exactly two zeros inside the contour C, by application of Rouche’s theorem |,
ha (s) — hi (s) also has two zeros inside the C' contour noted p; (8), p2 (6) with Re (p;) > 0,
Vi =1,2.
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For § = 0, the conditions of Rouche’s theorem are not satisfied because

A2B% (1 —a) N N B%a
()\ +0—sc— %252)2 (s +B)° (—502632 +(A=cB)s+ (BN + 55))2

=1 (29)
for s = 0. The proof ii. can be obtained by using an extension of RouchA©’s theorem, called

Klimenok’s theorem in [ |.

Remark 2.2 For ¢ > 0, the equation (18) has at least one positive real root denoted by py (0) .

hi(s) is a polynomial with exactly two positive zeros noted :

51 = 0_12 (a—\/z )\+5)02+c2> (30)
5 = U;Lﬂ(A—cﬁJr\/(/\—cﬂ)2+2(/\+5)5202>. (31)

It is immediately clear that s; < s».
Let’s calculate hy (0) and hs (s1) .

ha(0) = A28 (A +0)* < B* (A + )" = 1y (0).

2 2 2
ho(s1)= (1~ a) X6 (—‘;ﬁsf — (B A)si+ (64N /3))2 + )25 (B + >(A +5-st- )

2
(1—a) 32 [5 (—fs% —csp+ 0+ A) + Asll
= (1-a)X'g'st
0= hi(s1).

Since hy (0) — hy (0) < 0 and hs (s1) — by (s1) > 0, we deduce by the intermediate value
theorem that the equation (18) has a root p; (0) satisfying 0 < p; (§) < s1.
Assume root s1 < pg (0) < sy is real. We have

hg(Sl) = (1 — O./) )\4ﬁ48% >0= hl(Sl).
2 2
ho(se = 61— a) A2 B2 —022553 —(eB—=XN)sa+ (0 + ) 6) + aX?B% (B + 52)2</\ +0— 02233 - 032>

2 2
aX?B% (B + s5)° ()\ +0— %33 — csg>
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2
= aXB(B+s,y)’ [; (— o Bs3 — cBsy 4+ B(A+0) + Asy — )\sgﬂ

)2
= aX B (B +52) (582
= aX' (B + 82)2
> 0= hl (82)

We cannot conclude that p, is a real root.

. MAIN RESULTS

Natural and Formal

In this section, we present the main results of the article.

3.1 Calculation of the ultimate probability of ruin due to claims
In this subsection, we determine the infinite-horizon probability of ruin when it is due to claims

Theorem 3.1 The ultimate probability of ruin due to a claim P, (u) is given

2Xa 2)b

— . pau . bu . >
Vo (v) B (a?0? — abo?) o S (b20? — abo?) e uz20
where 1
a=——7 (20 + \/0452 + 802\ + 4c? — 4co?f + 026) <0
202
and

1 1 1
b=—— (c — —\/0462 + 802\ + 4c? — 4co? [ + 2025) < 0.

o2 2

To prove the theorem (3.1), we introduce some useful basic results and consider the lemmas
(3.1), (3.2) and (3.3),.

London Journal of Research in Science:

Let W, = —ct —o(t) be an auxiliary function, a Brownian motion starting at 0 with —c drift
and ¢° as variance. We denote W (t) = supy<,<, W(s) the supremum of W (t) in the interval
[0,t] and 7, = inf {t > 0: W (t) = u}, the first time of reaching the value u > 0. By Borrodin

and Salminen’s formula [ ], we can obtain for 6 > 0,
E [6_57—"} =e (32)
where
c 20
1= e o

For § > 0, we define the following potential measure:

P(u,dr,dy) =E [e_‘sVI (W(V) <u,W({V)edy X € dx)} ;o u,x >0, y<u. (33)

We denote by e,, an exponential random variable of rate g. We can therefore first calculate the
following measure:
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U, (u,dy) = Pr (W(eq) <u,W(e,) € dy,) . ou,>0, u>y.

which can be obtained by the lemma of [ ], well known in applied probability.

Finally, we denote by : D := % () and D? := d%Q (), the differentiation operators and Z

the identity operator with the differentiation operator A defined as follows :

2¢ ()\—1-5)1

_ 2
A(D)=D ;D - 2 (34)

Furthermore, it is easy to notice that :
AD) = (D+mI)(D—nI). (35)

Lemma 3.1 Foru > 0, the Gerber-Shiu function ¢,,(u) satisfies the following integro-differential
equation

2(1—a)A? 2000

A(D) bult) = ~~{ 57 0wt (0) = =3 0wa (1), (36)
with initial conditions of :
$u(0) = 0, (37)

#u(0) = =236,(0) - 28—t (0) - 20380, (0). (38)

Proof. We are inspired by the proof of lemma 3.2 in [ ]. We have:

bult) = E|e B [o(u= W = X)Lz, ey, 0,y | (V3 X))

+E {e—WE {w(u =W X =+ W)l o, <) | (V1 Xl)” , (39)

which gives :

(1 —a)mmpA? (/ 12 (u—s) - —mu—
w (W) = u=s )d +/ m=s)g / e Mg 1 (s ds)
Ow(u) o 5)2(7]1 m UL e w1 (s)ds 1 ; 1(s)
NS </ 2 (u—s) / /:: —u— )
u—s d —n1(u—s) mu—n2s w d .
0r ) im+m) U e owa2(s)ds+ | e w2 ( ; e w2 (8)ds

(40)

By setting w = 0 in the relation (40), we obtain the initial condition ¢,,(0) = 0.
With the help of Leibniz’s rule for derivation under the integral sign (see [ ]) a first time, let’s
derive the relation (40) with respect to u.
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/ _ (]' B O[) 771772)\2 o 2 (u—s)
W) = Gt (2 0

— 771/0 e‘"l(u_s)aml (s)ds + 171/0 e Mg, 1 (s) ds)

aABmne ( /°° _
+ =8 o (s)ds
()\ I 5) (771 + ?72> P " 72( )

- 771/0 e g, 5 (s)ds +771/0 e Mgy, 0 (8) dS) - (41)

Fixing u = 0 in the relation (41), we have :

/ A =a)mmp? = e (6) ds
S0 = s ) ([ e o () ds)

(X +§)M(7717?2+ ) U ) (/Ooo ¢ oua () ds)

1 N e A h
— (04)771772/ 6_7]280'1071 (S) ds + aﬁnﬂh/ €_n280w,2 (S) ds
0 0

Natural and Formal

2(1—a)\2 oo 20A3 o
- (()\+5))02 /0 e oy, (s)ds + gzﬁ /0 e 0w (s)ds. (42)

Using Leibniz’s rule for derivation under the integral sign a second time, let’s derive the relation
(41) with respect to u, we have :

" 1—a N2 0
) = I (g [ o (5)ds = s (1)
1 u

+ 77%/0 eim(U75)O‘w,1 (S) ds — 7710w,1 (U) - 77%/0 eimuirmsaw,l (S> dS)

aABning ( 2/00 2 (u—s)
e Owo (8)ds — neoya (U
()\+ 5) (771 +772) U w ,2( ) T2 ,2( )

+ 17%/0 e_’“(“_s)awyg (s)ds —moywa (u) — 77%/0 e Mg, 5 (s) ds) . (43)

London Journal of Research in Science:

By setting v = 0 in the relation (43), we obtain :

1—a 1 2)\2 9 9 0 s
s () [ o 01— 4 s 0)

()\ +Oé;\)ﬁ(77771177j_ 772) <(17§ - 77%) /uoo 6_’7280'11),2 (S) ds — M20w,2 (u) — (171 + 772) Ow2 (()))

_ (1 —a)mno (7]22— M) A2 /°° e ™50, (s)ds — (1-2) 77122)\2010 1(0)
(A+9) 0 ’ (A+9) ’
e R e
_ W /0 T emgy  (s)ds — mwl (0)
B e 2, “
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From the relations (42) and (44), we have

010) = =00 - 2SS 0 - 25 ),

Now let’s demonstrate the relation (36) .
Considering the differentiation, identity and the relations (40) and (41),
determine [ (u) = (D — n2d) by (u).

o

(1 — o) mn)® ( e ues)
_ 1(u—s w d
D50 () e o () ds + (m+ ) [

aABmng < Y i(u—s)
o 1(u—s " d
()\ n 6) (771 + nZ) (771 + 7]2>‘/0 € Ow,2 (S> S

+ (m +n2) /0 e Mgy, 5 (8) ds) : (45)

l(u) e MRG0 (s) ds)

With the help of Leibniz’s rule for derivation under the integral sign a third time, let’s derive
[(u) with respect to to wu.

(1 — ) mmpA?
(A+6)" (m +1m2)
— (m + 772)771/0 e Mgy, (s) ds)

u

() = (4 m)m [0 () ds =+ 12) 0 ()

aABmn v
(/\ + 5) (7]11 ‘7‘7]2) ((771 + 772) n /0 e~ )Uw,2 (5) ds — (771 + 7]2) Ow,2 (u)
= (m+m) 771/0 e Mg, 0 () ds) . (46)

Considering the differentiation and identity operators and the relations (45) and (46),
let’s find out z (u) = (D 4+ mI)l (u).

(A= a)mmpA? _Aafmmy
z(u) = Ot o) wa () O+ 0) w2 ()
2(1—a)\2  20M8

_mawl (u) 2 Tw2 (u), (47)

Hence the result (36).

Lemma 3.2 The Gerber-Shiu function ¢,,(u) has the following Laplace transforms ¢ (s)
defined by :

1 (0) — 202y () — 20045 ()

* w (A+0)o2 o2
Pu (8) = N2 . (48)
s2 4 Zs — L0+ 2((/\1+5)27)\2 fx (5) + 223207 (s)
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Proof. In a similar way as the proof of the lemma 3.3 in [ |, we get

/OOO e 2<(1 — o)\ w1 (u)du

A+0)o?

and

_w2aAf

o2

S

2(1—a) A\ | =

= rnoer Cerl® g
2w .
- e @@ i) @) T
E

200 (0 (5) 6, (5) + w3 (5)) CUN

oo
| e
0

Ow,2 (U) =

By exploiting the relations (84) and (50) and then extracting ¢ (s), we arrive at the result:

2(1—a)X\? %
5o (5) = —Pn (@ — TErui (5) - s o 51)
v 52 + %S — 2(?;{6) + 2((/\1;32;\22 % (s)+ 2‘;“’2\5h* (s)

For the force of interest 6 = 0 and the penalty function w(x,y) = 1 with the Laplace
transform of the Gerber-Shiu function, ¢, (s) then characterizes the ultimate probability of

London Journal of Research in Science:

ruin i, (s).
Lemma 3.3 The Laplace transform of the ultimate probability of claims ruin due to claims
or (s) is given by :
¥, (0) — =gy
Y (s) = TP T (52)
8+ 555 = 2 F 2ep)
where
, 2l —a) A oo 2003 /00 s
a0 = g /0 e 0y (s)ds + =50 [0, (s) ds, (53)
oun (W) = [ fx @) 6ulu—a)dr +wi (u), (54)
wi(w) = [wwr—u) fx(@)de, (55)
Gua () = [ h(@)du(u—a)de+wsu), (56)
wy (u) = /Oo h(z)w(u,z —u)de, (57)
hiz) = e % (58)
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nmo o= C_‘_\/M_‘_f (59)

0-2 0—2 47
—c 2004+ X)) 2
S S ACE S (60)

Proof. From the formula (48),

2(1—a)A2 & [o% *
lp;u (0) - ((5+>\)272 wy (5) - 202\61‘)2 (3)

Yo (8) = — : (61)
o oo — M+ iR fi (5) + 200 (9)
we have :
B, 5 ,
Y (s)= and h*(s) = ——,
fX (8) 5+ B n (S) s+ B
wi(w) = [T wlue—u) fx@de= [ fx@)de= [ gedn = e,
B 00 00 00 1
wy (u) = / w(u,x —u)h(x)de = / h(x)de = / e 3y = Be’ﬁ“.
It is obvious that
1 1
wi (s) = and wy (s) =
1() S_'_B 2() /B(S—f‘ﬁ)
The expression (48) then becomes
’ o 2(1=a)X® 240
¥, (s) = Yo ) ~ 5hites — 6ra)
w % 2\ 2(1—a)BA2 2a)\83
82+ 555 = 2 T 0q0)e2(s1p) T (48
2)
— lp;} (O) B W (62)
T2 22X 2)\8
s°+ 025 o2 o2(s+8)
From the equation (42), we obtain
2(1—a)A\? oo _ 20\3 [ _
/ — 128 M2
Va0 = "1 5o /O ¢ () ds /0 e ™50, 5 (s) ds. (63)

We construct the proof of the theorem (3.1).

Proof:
The Laplace transform of the ultimate probability of ruin due to claims &, (s) has the expression:
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l/JL, (0) _2(1=a))  2a) l/)l (O) _ 2

P (s) = o2(s+p) _ o*(s+h) _ w o?(s+P)
w 2c._ 20 | 201—a)BA | _2a)B 2, 2, 22, 28 —
S2+ﬁs_§+ 02(5+B) +O'2(S+ﬁ) S +0'2S 0_2 +0'2(S+ﬂ) g
By multiplying the numerator and denominator of ¥ (s) by o2 (s + ) then ¥} (s) takes the S
o
e
form : , , , , ©
1,0* (S)Z l/)w(())SU _2)\+l/)w(0)0'5 P
v s (025 + (Bo? +2¢) s+ (2¢6 — 2)))’ =
©
z
Assume that d(s) = o%s® + (80?4 2¢) s + (2¢8 — 2\) = 0. We can then deduce that .
d(s)=0%(s—a)(s—D). o
c
2
Thus we have ' (0) N 4 (0 (an
Y, (0)s — % + 0)5
* — w o w 4 E
(&S]
The simple element decomposition of ¥ (s) is E
0
i
A B C i
. = — 65
ne="+ 2 & ) -
©
The relation (65) is equivalent to E
S
-
A+B+C)s*+(—Aa— Ab— Bb—C Aab
i 5) = A Bt 2 @)s+ Ach CONNE
s(a—s)(b—s) S
<
o
-

Using relations (65) and (66), we deduce the following system by identification

A+B+C=0
—Aa — Ab— Bb— Ca = i, (0)
Aab= -2+, (0)3
We find

1 / 2

A= (21 =, (0) 0?B)
o 1 / 2 / 2
B YR <—2>\—1— Y., (0)aoc* 4+, (0) o B)
1
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By inversion of the Laplace transform, we have
& (U=A+B e+C eu o

As uIlilm dyv (u) = 0; we deduce thatA = 0 and therefore

2
63(0) = 5
2
B = ———M——
(@2 b?
C = —(b2 a 2):
Finally, by inverting the transform, we obtain
— 2 au 2 bu
R R I M CERFE N

Example 1 :
By setting the parametersc = 0;5; =0;3; =1, = 1:5; and using using MATLAB, we
present the curves associated with the probabilities due to claims.

A, “z DRuin probability due to claims
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