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Quantifying Ruin Metrics in a Diffusion-Driven
Erlang (2) Risk Model with Dependency
Modeled using the Spearman Copula

ABSTRACT

I. INTRODUCTION

α, Delwendé Abdoul-Kabir Kafandoσ, Frédéric Bere ρ

& Pierre Clovis NitiemaѠ

___________________________________________

A Wiener diffusion has been added to the classic Compound Poisson model by [1] as an ex tension of

the classical risk model. Since then many researchers have taken an interest in this model, making

their own contributions. For example, [2] for the probability of ruin, [3] for the distributions of

maximum surplus before ruin and deficit at ruin. The introduction of the dis counted Gerber-Shiu

penalty function [4], has been used in [5] and more recently in [6] to study the model with Brownian

perturbation. In addition, it is possible to consider a Sparre Ander sen risk process, also known as a

renewal risk process, in which the distribution of interclaim times is not constrained to follow an

exponential distribution. These studies include generalised Erlang (n) times as in [7]. All these

models assume independence between interclaim times and claim sizes. Although independence

simplifies calculations for multiple quantities of interest, it may not be suitable for modelling

catastrophic events such as bankruptcies in the banking and insurance sectors. The first attempts to

characterise a dependency structure between Poisson interclaim arrival times and claim sizes are

presented in [8] with an exponentially weighted mixture dependency and in [9] with a

Farlie-Gumbel-Morgenstern (FGM) copula. The authors [10] deal with a dependency structure with

an Erlang interclaim times combination and in [11] an Erlang arrival with an FGM copula. But these

models do not incorporate diffusion perturbation. Nevertheless, in [12], they deal with a compound

Poisson risk model with the two extensions : a diffusion and a dependence structure copula type

FGM. However, the FGM copula has one notable limitation as it does not take into account tail

dependencies. To remedy this, [14] and [13], based on the classical model of the Compound Poisson

model, propose the use of the Spearman copula, which takes account of this tail dependence.

This paper focuses on the perturbation of an Erlang (2) risk model by a diffusion process,

challenging the assumption of independence between claim amounts and inter claim durations. To

account for a tail dependency structure, we introduce the Spearman copula, enabling the evaluation

of Gerber-Shiu functions and ruin probabilities associated with this model. Our analysis delves into

the Laplace transforms of the discounted penalty function and the probability of ruin. Towards the

conclusion, explicit expressions are derived, accompanied by numerical examples illustrating ruin

probabilities for individual claim sizes with exponential distributions.

Keywords: gerber-shiu functions, dependence, copula, integro-differential equation, laplace

transform, ruin probability.
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II. PRELIMINARIES

Consider the Erlang risk model (2) that is perturbed by Brownian motion :

U(t) = u+ ct+ σB(t)−
N(t)∑
i=1

Xi, (1)

where

o u ≥ 0 is the initial capital and c is the constant rate of premium per unit of time,

o N(t), the number of claim occurrences is described by a renewal process,

o (Xi)i≥1, sequence of strictly positive random variables, i.i.d., independent of N(t) is the
amount of the i-th claim. FX represents their distribution function, fX the density
function and f ∗X the Laplace transform.

o B(t), standard Brownian motion is independent of
N(t)∑
i=1

Xi, i.e. independent of N(t) and

Xi.

o σ > 0 is the diffusion volatility.

Let Vi = Ti − Ti−1, be the inter-occurrence times of the claim, that is a sequence of strictly
positive random variables and i.i.d. having an Erlang distribution (2) of parameter λ with Ti
being the time of occurrence of the ith claim throughout our investigations. FV represents their
distribution function, fV the density function and f ∗V the Laplace transform such that:

fV (t) = λ2te−λt, (2)

FV (t) = 1− e−λt − λte−λt, (3)

f ∗V (s) = E
[
e−sV

]
= λ

λ+ s

)2

. (4))

In our paper, we study a the Erlang (2) risk model with two extensions two extensions: the addition of

a browian perturbation and a Spearman copula dependence structure. This paper is organized as

follows. In Section 2, we describe the dependence structure which is defined by Sperman copula and

analyse the roots of a Lundberg-type equation. The Laplace transform of the probability of ruin and

some explicit expressions are obtained for the ruin probabilities in section 3. Finally, the conclusion

and outlook are developed in section 4.
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We also assume that X has an Erlang (2) distribution with parameter β and that the (Xi, Vi)i≥1
form a sequence of random vectors i.i.d. as the canonical vector (X, V ) with the possibility
that the components of such a vector are dependent.

Finally, we assume that the claim amounts X1, X2, .... are exponentially distributed with
a parameter β > 0, that the random vectors claim amounts and interclaim occurrence times
(Xi, Vi)i≥1 is a sequence of random variables with the same distribution as the random vector
(X, V ).

We denote F (x, t) the joint cumulative distribution function of the distribution function of
claim amounts and interclaim occurrence times (X, V ) where (x, t) ∈ R+ × R+.

The moment of ruin U(t), which is the first time the risk process U(t) reaches a negative
value associated with the risk model (1), is written as follows:

τ =
{

inf {t ≥ 0 : U(t) < 0 |U(0) = u}
∞ si U(t) ≥ 0, ∀t ≥ 0. (5)

The probability of ruin in finite time t is defined as follows:

( ) = P (τ ∈ [0, t] , U(t) < 0 |U(0) = u) ,

and the probability of ultimate ruin (infinite-horizon probability) by:

(u) = (u,∞) = P (τ <∞, U(t) < 0 |U(0) = u) .
We decompose the probability of ruin as in [ ] by:

(u) = w (u) + d (u) . (6)

This decomposition is justified by the fact that the probability of ruin can be caused either
by the claim amounts w (u), or by the oscillation of the Brownian motion d (u) . To ensure
that ruin is not a certain event, we assume that net profit satisfies the following inequality:

E [cV −X] > 0. (7)

We can verify by rigorous calculations that (7) is equivalent to:

cβ2 > λ2.

In order to better study ruin measures, we introduce the Gerber-Shiu function defined by:

φ (u) = E
[
e−δτω

(
U(τ−), |U(τ)|

)
I(τ <∞)|U(0) = u

]
, (8)

where δ ≥ 0 is the force of interest; I(.) is the indicator function; ω(x1, x2), the non-negative
value of the penalty function is a function of the surplus just before bankruptcy U(τ−) and
the deficit at bankruptcy |U(τ)| for (x1, x2) ≥ 0. So is the probability of ruin, the Gerber-Shiu
function can be broken down according to whether the ruin is caused by the claim amounts or
by the oscillation, i.e:

𝜓𝜓 𝜓𝜓

u𝜓𝜓

𝜓𝜓

𝜓𝜓 𝜓𝜓

𝜓𝜓 𝜓𝜓
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