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I. INTRODUCTION

Spectral dichotomy methods were introduced by S. K. Godunov in [6] for the study of stability in the
sense of Lyapunov. They consist in determining whether or not there are eigenvalues of a given matrix
or a matrix pencil inside or outside a closed contour. If there are no eigenvalues in a neighborhood of the
contour, these methods compute iteratevely the projector onto the invariant subspace associated to the
eigenvalues of the matrix or the matrix pencil inside the contour. This computation is accompanied by
the spectral norm ∥H∥ of a Hermitian positive de�nite matrix H called the dichotomy condition number.
Initially developed on the imaginary axis by S. K. Godunov [6], these methods have been extended to
the circle by Bulkgakov and Godunov in [2]. More e�cient methods for computing the spectral projector
and the dichotomy matrix in the circular case were proposed by Malyshev in [11, 12], Sadkane and Dosso
in [4], Sadkane and Touhami in [17]. The methods of spectral dichotomy of a matrix or a matrix pencil
with respect to the ellipse or parabola are respectively transformations of the methods with respect to
the circle or imaginary axis. The methods with respect to the ellipse have been proposed by Godunov
and Sadkane in [8, 9], Malyshev and sadkane in [14] and Sadkane and Touhami in [17] and those with
respect to the parabola by Malyshev and sadkane in [14] and Sadkane and Touhami in [17]. Traoré et al.
in [19, 20, 18] applied the dichotomy methods of a matrix with respect to the circle, the ellipse and the
parabola all not centered at the origin.

Spectral dichotomy methods of a matrix pencil which calculate projectors on the subspace

associated with the eigenvalues inside or outside of any circle, any ellipse or any parabola, were

proposed. These methods are an extension of those proposed in [S. Traoré and M. Dosso, European

Journal of Pure and Applied Mathematics, 15 (2), (2022) 681-725] and [S. Traoré, M. Dosso and L

Samassi, International Journal of Numerical Methods and Applications, 22, (2022) 87-115] to

matrix pencil.Before the presentation of our methods, a reminder of the spectral dichotomy

methods of a matrix with respect to any circle, any ellipse or any parabola was made. Two numerical

examples of matrix pencil show the good calculation of the projectors on the subspaces associated

with the part of the plane concerned by the separation made by the figures.

151© Volume 23 | Issue 15 | Compilation 1.02023 Great Britain Journal Press

L
on

d
on

 J
ou

rn
al

 o
f 

R
es

ea
rc

h
 in

 S
ci

en
ce

: N
at

u
ra

l a
n

d
 F

or
m

al

 

w



Let zB − A be a regular matrix pencil with A and B ∈ Rn×n(n > 1) with B non singular. The aim of

this paper is to propose some methods of spectral dichotomy of the matrix pencil zB − A with respect

respectively to the circle C(Ω, r) of center Ω with a�x ω ̸= 0 and radius r > 0, the ellipse Ξz0 of equation

(
x− x0

a

)2

+

(
y − y0

b

)2

= 1, a ≥ b > 0 (1.1)

and of center z0 = x0 + iy0 di�erent from 0 and the parabola of equation

2p(d− x) = (y − pb̃)2 (1.2)
with p > 0.

Our work is organized as follows. In the section 2, we recall the spectral dichotomy methods of a
matrix pencil with respect to the circle and the ellipse [16], all centered at the origin and with respect
to the imaginary axis [16]. Algorithms developed in this section are useful for the sequel. In section 3,
we propose new algorithms to compute the spectral projector and dichotomy matrix of a matrix pencil
with respect to a circle, an ellipse or a parabola o� centered at the origin. In this section, we use special
matrix pencils to bring us back to the algorithms seen in the section 2. In section 4, we illustrate our
results using graphs and tables to visualise and demonstrate the accuracy of our algorithms.

Throughout this work, we will use the following notation : the symbol ∥.∥ denotes the 2-norm for
vectors and matrices. The identity matrix (respectively the null matrix) of order k will be denoted by Ik
(respectively 0k) or just I ( respectively 0) if the order is clear from the context.

II. SOME METHODS OF SPECTRAL DICHOTOMY OF A MATRIX PENCIL

Let zB −A be a matrix pencil with A, B ∈ Rn×n, (n > 1).

2.1 Method of spectral dichotomy of a matrix pencil with respect to a circle centered at the origin

Suppose that the matrix pencil zB −A has no eigenvalue in a circle C(O, r), (r > 0). Then

P =
1

2π

∫ 2π

0

(
B − e−iθA

r

)−1

Bdθ (2.1)

is a spectral projector onto the subspace corresponding to the eigenvalues of zB − A inside the circle
C(O, r) .

The numerical computation of P is accompanied by the dichotomy condition number given by the spectral
norm of the Hermitian positive de�nite matrix

H =
1

2π

∫ 2π

0

(
B − e−iθA

r

)−∗

H0

(
B − e−iθA

r

)−1

dθ (2.2)

where H(0) = H(0)∗ > 0 is a given arbitrary matrix.

Consider the cyclic and �nite linear system [8]
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
BZ

(2j)
0 � A

r
Z

(2j)
1 = In ,

BZ
(2j)
k � A

r
Z

(2j)
k+1 = 0 , 1 � k � 2j � 1.

(2.3)

From its solutions Z
(2j)
k , the following theorem allows to obtain the values ofP and H (see [8, 16]).

Theorem 2.1 We have

P = lim
j ! + 1

Pj with Pj = Z (2 j )
2j B � Z (2 j )

0 B (2.4)

and

H = lim
j ! + 1

H j with H j =

2j

X

k=1

(Z (2 j )
k ) � H0(Z (2 j )

k ); (2.5)

H j = V �
j H j � 1Vj + W �

j H j � 1Wj (2.6)

where Vj = BZ (2 j )
2j � 1 �

A
r

Z (2 j )
1 and Wj = BZ (2 j )

2j �
A
r

Z (2 j )
2j � 1 +1 .

As for the computation of Z (2 j )
k and H j , they are explained in the following theorem (see [16])

Theorem 2.2 Let
Z (2)

1 = � 0; Z (2)
2 = r 0

and for j = 2 ; 3 � � �

Z (2 j )
k = Z (2 j � 1 )

k � j � 1; k = 1 ; 2; � � � 2j � 1:

Z (2 j )
k+2 j � 1 = Z (2 j � 1 )

k+2 j � 1 r j � 1; k = 1 ; 2; � � � 2j � 1:

and for j = 2 ; 3 � � �

A j � 1 + B j � 1 = I n (2.7)

� j � 1 + r j � 1 = I n (2.8)

(2A j � 1 � I n )� j � 1 = A j � 1 (2.9)

with

A j � 1 = �
A
r

Z (2 j � 1 )
1 ; I n = � Z (2 j � 1 )

1

and
H j = � �

j � 1H j � 1� j � 1 + ( I n � � j � 1) � H j � 1(I n � � j � 1):
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