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| INTRODUCTION

Lalitha and Tripathi (2018) have discussed detection of a single upper and lower outlier when the
location parameter ¢ and the scale parameter ¢ of Gumbel distribution were assumed to be known. But
if the scale parameter o is not known then in such situation, previously discussed procedures should be
suitably modified. Thus, when the scale parameter ¢ is not known, an estimator of the scale parameter
is used in the test statistic. Then it’s critical values and the corresponding performance study were done
by simulation technique. Since the study is about outlying observation, the entire sample should not be
considered for the estimation of the scale parameter. Hence, the best linear unbiased estimate
suggested by Balakrishnan and Cohen (1991) for a type II censored sample was used as an estimator for
the scale parameter. But with this estimator, the values of the tabulated coefficients were available only
for samples of size at most 10. Hence, a modified form of the moment estimator is considered and the
statistics were studied. But on using an estimator for the scale parameter, derivation of the theoretical
probability distribution of the test statistic is extremely tedious. Hence, the critical values as well as the
performance of the test statistic were obtained by using simulation technique.

[l TEST STATISTIC USING THE BEST LINEAR UNBIASED ESTIMATOR FOR THE SCALE
PARAMETER

Three test statistic Z, ', Z, " and Z, " have been suggested to detect an upper outlier, lower outlier and a
pair of outlying observations respectively to test the null hypothesis H, against the slippage alternative
H i.e. there is one or a pair of observation(s) from another Gumbel with a shifted scale parameter o ,
where the scale parameter o was unknown. Hence for o, the best linear unbiased estimator suggested
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n—s
by Balakrishnan and Cohen (1991) given as ¢" = _ 3 ) bL_x W’ where r and s denotes number of trimmed
i=r+
observations from lower and upper side respectively and b, ’s are known constants obtained by
Balakrishnan and Chan (1992), was used. Since values of b, ’s obtained by Balakrishnan and Chan
(1992) up to sample size 30 but only up to 10 values are available, therefore the use of the test statistic,
suggested in this case is restricted up to sample size 10. The test statistics for an upper, lower and a pair
of observations obtained respectively for this case are as follows.

b

7= OMCSY) 7= *o* o) 7o WO
1 c* y Lo G* y L3 0*
where x, , X,y , and x, are first, (n-1)™ and n ™ order statistics respectively arranged in an ascending
order of magnitude. However, because of the limitations in obtaining the values of b;s, these statistics
have only limited usage and hence a modified form of these statistics is suggested in this paper.

2.1 Modified Test Statistics using a moment estimator for the scale parameter

\/’

The moment estimator of o was suggested by Johnson et.al. (1994) and is given as 76 s, where s is

sample standard deviation, can be used as an efficient estimator of ¢. This is because Johnson et.al.
(1994) have shown that the moment estimator is about 55% more efficient than Cramer-Rao lower
bound estimator of scale parameter. Further, as our work is concerned with the extreme events and the
sample standard deviation is affected by the extreme observations, therefore to make the test statistic

more efficient, the modified sample standard deviation s obtained from a trimmed sample ( i.e. a
sample obtained after deleting the extreme observations x " and x (n)) was used instead of a complete

sample standard deviation. Thus, in this case, scale parameter ¢ was replaced by its modified moment

estimator, given as V6 7 s , where s obtained from a trimmed sample (i.e. a sample obtained after
deleting the extreme observations x " and x (n)). The test statistics so obtained are as follows

X, —x X, =X Xy ™%
7 ==wm _obh 7 __@ O 7 __® D yhare x X
R @ o1

statistics respectively arranged in an ascending order of magnitude. These three test statistics can be
applied to a sample of size n= 3, 4, ..., 50. Performances of these three statistics were studied by
simulation technique using 10,000 replications.

,and x (m3Te first, (n-1)th and nth order

. CRITICAL VALUES FOR THE TEST STATISTIC Z1 TO DETECT AN UPPER
OUTLIER

The test statistic Z was used to detect an upper outlying observation in a sample from Gumbel
distribution. In the detection of an upper outlying observation, the null hypothesis H 0 would state that
there is no outlying observation in the sample. As the statistic Z s based on the difference of the largest
and second largest observations, this test statistic should reject the null hypothesis for large values of Z )
. Thus an «a - level critical region will be given as Z R where z_can be obtained from (Z . P za) =a,
where 0 < a < 1. Critical values of the test statistic Z . for case-I and case-II of the Gumbel distribution

were obtained using simulation technique with 10,000 replications which are tabulated in Table 3.1.
and Table.3.2. respectively for n = 3(1)10, 15, 20, 30, 50 at 1%, 5% and 10% significance levels. Just as
the critical values obtained for a single upper, single lower and a pair of outliers with known scale
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parameter are free from the scale parameter, calculation of these critical values are also free from the

scale parameters.

Table 3.1: Critical values of Z ) for case-I at different levels of significance.

ZO(

n a=0.01 | a=0.05 | a=0.10 n a=0.01 | a=0.05 | a=0.10

3 4.571643 | 3.087316 [ 2.347163 11 4.424306 | 3.054917 | 2.289501

4 4.997884 | 3.171270 | 2.567949 12 4.410329 | 3.022891 | 2.254245

5 4.828451 | 3.170263 | 2.382530 13 4.408735 | 3.064020 | 2.237309

6 4.799659 | 3.146420 | 2.358684 14 4.401637 | 3.120471 | 2.224776

7 4.744253 | 3.137973 | 2.341062 15 4.358655 | 3.109670 | 2.209747

8 4.730947 | 3.120350 | 2.315699 20 4.374467 | 2.987843 | 2.126154

9 4.695862 | 3.111272 | 2.313943 30 4.767622 | 3.248294 | 2.304326

10 4.562887 | 3.099325 | 2.304717 50 4.860072 | 3.294921 | 2.579111

Table 3.2. Critical values of Z . for case-II at different levels of significance
Zot

n a=0.01 | a=0.05 a=0.10 n o= 0.01 o= 0.05 a=0.10

3 | 2.916363 | 2.122524 1.794401 11 [ 1.3700130 | 1.0359246 | 0.8400556

4 2.016363 | 2.122524 1.794401 12 | 1.3865416 | 1.0421608 | 0.8221364

5 | 2.532788 | 1.806103 | 1495726 | 13 | 12951216 | 0.9714110 | 0.7671696

6 | 2181685 | 1.596365 | 1.277108 | 14 | 11904443 | 0.9582532 | 0.7770338

7 | 1.783407 | 1.349930 1.136774 15 | 1.2876176 | 0.8898045 | 0.7190456

8 1.637224 1.193769 1.004956 | 20 1.1319771 0.8037215 | 0.6639349

9 | 1.4375288 1'072483 0.9080605 | 30 | 1.0353773 | 0.7409027 | 0.6022329
10 | 1.4479635 | 1.0517048 | 0.8511008 |50 | 0.8822868 | 0.6406025 | 0.5248657

V.

CRITICAL VALUES FOR THE TEST STATISTIC TO DETECT A LOWER OUTLIER

It was observed in Lalitha and Tripathi (2018) that, for Gumbel distribution, the density functions on
the real line of case-I and case-II of lower outlier are the mirror images of the density functions of the
case-II and case-I of upper outlier respectively. Thus for the test statistic Z - critical values obtained in
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section 4 for the upper outlier of case-I and case-II, can be used for detection of the lower outlier of
case-II and case-I respectively.

V. THE CRITICAL VALUES FOR THE TEST STATISTIC TO DETECT A PAIR OF OUTLIERS

The critical values of the test statistic Z , were obtained by using the simulation technique with 10,000
replications and are given in Table 5.1. The critical values of the test statistic Z 3 (unknown scale
parameter) for case-I and case-II of the Gumbel are close to the critical values obtained by Lalitha and

Tripathi (2018) for the Gumbel distribution case-I and case-II (known scale parameter).

Table 5.1: Critical values of Z s for case-I at different levels of significance.

VA
«

n a=0.01 | a=0.05 [ a=0.10 n a=0.01 | a=0.05 [ a=0.10

3 6.417628 | 4.963721 | 4.173418 11 7.980535 | 6.453346 | 5.588609
4 6.728316 | 5.020910 | 4.240807 12 8.072191 | 6.481930 | 5.838556
5 6.961524 | 5.206854 | 4.584614 13 8.101428 | 6.751044 | 6.060688
6 7.220686 | 5.614050 | 4.877048 14 8.260055 | 6.763856 | 6.063707
7 7.360321 | 5.802835 | 5.092647 15 8.300106 | 6.827493 | 6.055398
8 7.487779 | 6.061740 | 5.208490 20 8.677032 | 7.264750 | 6.477429
9 7.581368 | 6.097397 [ 5.398235 30 8.943415 | 7.591082 | 7.051505
10 7.868612 | 6.195665 | 5.584236 50 0.998334 | 8.287966 | 7.574812
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VI WHEN THE OBSERVATION OF A SAMPLE IS ON EITHER SIDE OF THE LOCATION
PARAMETER

In this case it is assumed that some of the observations are below and some are above the location
parameter. In this section the moment estimator of o, suggested by Johnson et. al. (1994) is used in
place of the scale parameter ¢. The detection of an upper and a lower outlying observation can be done
as discussed in section g4and section 5 respectively. But while dealing with a pair of outlying
observations the procedure would be slightly different and it is given as follows.

Let X, -, X be a random sample from a Gumbel distribution with location parameter u and scale
parameter o (unknown), in which some, say m, observations, X o Xm are less than the location
parameter u and rest of the (n — m) observations X Xnof the sample are greater than u. Then
considering the m observations lying below the location parameter, a modified test statistic can be

defined for detecting the smallest observation by considering m™ largest observation as X o le.Z=

1
e ,m=2,7,n—1
—S
s

As before, the observation corresponding to X - cannot be declared as an outlying one, being the

observation lying closest to the location parameter, when the test statistic falls in the critical region.
Thus, in the event of rejection of the null hypothesis, only the smallest observation i.e. X o should be
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considered as outlying observation. In this case, the critical values given in case II of section 4 should
be used for testing the null hypothesis with a sample size as m. For the rest, (n — m) observations above
the location parameter, a modified test statistic can be defined for detecting the largest observation by

. h ) .
considering (m + l)t largest observation as X ) e

X —X
Zz%,msz,n—z.

—S
L

Here again, the observation corresponding to X (mi1 would be lying closest to the location parameter

)
and therefore this observation cannot be declared as an outlying one. In this case the critical values

obtained in case I of section 4 should be used for testing the null hypothesis with a suitable
modification of the sample size as (n — m). As before, in the event of rejection of the null hypothesis, the
largest observation i.e. X (n)should be declared as outlying observation.

a. Case when only one observation is on either side of the location parameter and the location
parameter is also known

(). When only one observation is lying below the location parameter which is assumed to be known,
while all other observations are above the location parameter, then the statistic Z can be modified as

— (6.1)

S

7 =

Here, if it is assumed that X a <H and X ” follows a Gumbel distribution as defined in case II with
location and scale parameters ¢ and o respectively. The critical values z_can be obtained by using

simulation technique with 10,000 replicates. These critical values were tabulated in Table 6.1 for
different values of sample size n and different levels of significance, given as follows.

Table 6.1 The critical values z  of the test statistic when only one observation is lying below the
location parameter (known)

Zot
n a=0.01 | a=0.05 | a=0.10 n a=0.01 | a=0.05 | a=0.10
5 1.80287 0.92473 0.65052 12 0.65225 0.45047 0.40411
6 1.16972 0.64228 | 0.48095 13 0.64222 | 0.44603 0.41108
7 1.09230 0.58027 0.44450 14 0.68654 0.45007 0.41784
8 0.88634 0.55103 0.42177 15 0.73676 0.47775 0.42694
9 0.73802 0.49250 0.39991 20 0.63360 0.48989 | 0.46042
10 0.72427 0.47692 0.93198 30 0.61697 0.54320 0.51112
11 0.68366 0.43731 0.38694 50 0.68311 0.60397 0.55808

(i1). When only one observation is lying above the location parameter, while all other observations are
below the location parameter, then the statistic Z is modified as

Z=—0—, (6.2)
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Here, as it is assumed that u < X o’ X (n)follows a Gumbel distribution as defined in case I with location
and scale parameters ¢ and o respectively. The critical values z can be obtained by using simulation

technique with 10,000 replications and were tabulated in Table 6.2., as given below

Table 6.2 The critical values z of the test statistic when only one observation is lying above the

location parameter (known)

ZO(
n o = 0.01 o= 0.05 o= 0.10 n o= 0.01 a=0.05 o= 0.10
5 1.81857 | 0.92633 | 0.60187 12 0.65055 | 0.46036 | 0.40235
6 1.25745 | 0.68889 | 0.49004 13 0.67775 | 0.44593 | 0.40829
7 1.04826 | 0.58507 | 0.45963 14 0.66629 | 0.45812 | 0.42150
8 0.94477 | 0.56933 | 0.41839 15 0.67564 | 0.46658 | 0.42315
9 0.91680 | 0.48056 | 0.38863 20 0.55692 | 0.48612 | 0.45476
10 0.75254 | 0.49148 | 0.40449 30 0.60539 | 0.54456 | 0.50122
11 0.74374 | 0.49846 | 0.40382 50 0.69922 | 0.60899 | 0.56216

b. Case when the location parameter is unknown

London Journal of Research in Science: Natural and Formal

When the location parameter is unknown, it can be estimated with a trimmed sample, as suggested in

section 3 and is denoted by p . As the two extreme observations are suspected outliers therefore the
sample should be trimmed at both the ends. The location parameter used in the test statistics given in

equations (6.1) and (6.2), is replaced by this estimate u* . With this estimate, the number of
observations on its left and right, i.e. m and n-m can be decided. Then for m >1and/ (n — m) >1, the
above said procedures can be used, as their critical values are independent of both the location and
scale parameter. Also when m =1 and/(n — m) =1, the test statistic will be as given above in section 6(a),

with the value of the location parameter replaced by its estimator u* . The critical values so obtained
were tabulate in Table 6.3. and Table 6.4. for the two cases of the distribution i.e. when only one
observation is below the location parameter and when only one observation is above the location
parameter respectively, are as given below.

Table 6.3: The critical values za of the test statistic when only one observation is lying below the
location parameter (unknown)

VA
o
n a=0.01 o= 0.05 a=0.10 n a=0.01 o= 0.05 a=0.10
5 1.66908 0.68764 0.47271 12 0.61636 0.38536 0.33359
6 1.35244 0.65402 0.44787 13 0.57881 0.40841 0.35085
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7 1.00532 0.54035 0.38811 14 0.65151 0.41213 0.36337
8 1.02801 0.47312 0.36072 15 0.67439 0.39163 0.36625
9 0.75887 0.45592 0.33152 20 0.57011 0.42248 0.39505
10 0.87499 0.46345 0.33778 30 0.56384 0.47950 0.44343
11 0.70889 0.45018 0.33154 50 0.64258 0.54803 0.50708

Table 6.4: The critical values za of the test statistic when only one observation is lying above the
location parameter (unknown)

Zot
n a=0.01 | «a=0.05 | a=0.10 n a=0.01 | a=0.05 | a=0.10
5 2.37667 0.96049 | 0.62846 12 0.70681 0.40361 0.33457
6 1.43159 0.63315 0.63315 13 0.58528 0.41091 0.34473
7 0.94607 0.42759 0.33917 14 0.67370 0.39965 0.35868
8 0.77505 0.42759 0.33917 15 0.62877 0.39552 | 0.36069
9 0.79099 0.44493 0.33463 20 0.56641 0.44057 0.40532
10 0.69059 0.42149 0.31121 30 0.55085 0.48315 0.44851
11 0.70327 | 0.39549 | 0.32351 50 0.62877 | 0.54954 | 0.50829

Here the critical values were obtained up to sample size 50, therefore the suggested test statistic, based
on the trimmed estimate of the scale parameter can be used for large samples as well.

VIl.  PERFORMANCE STUDY FOR A SINGLE UPPER OUTLIER

Consider a set of observations which contains a single contaminant observation X and which comes

Jrom a population that has a different distribution from the rest of the observations. The power of the
test can be defined as P[Zn > za|the sample contains one contaminant observation], i.e. the probability

of the largest observation of the sample is being identified as discordant. But it is not necessary that the
test always identifies x as a discordant or defining only power of a test statistic is not sufficient to

describe performance of a test statistic. Barnett and Lewis (1994) have suggested probabilities, P, to P,
as test performance criteria. To improve the performance criteria of a statistic, David and Nagaraja
(2003) discussed the properties of five such probabilities, labeled as P,to P.as a reasonable measure of
the performance of Z . These probabilities are defined as

P, = Pr [Zn > za|FI], is the probability the observation tested by the test statistic is identified as the

outlying one, when it is known that there is one outlier is present.
P, = Pr [ZC > za|ﬁ], is the probability the contaminant observation tested by the test statistic is

identified as the outlying one, when it is known that there is one outlier is present.

Outlier Detection Procedures in a Sample from a Gumbel Distribution with Unknown Scale Parameter
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P, =Pr [Zn =Z,7Z > zaﬁ], is the probability the contaminant observation is the extreme observation
n

tested by the test statistic which is identified as the outlying one, when it is known that there is one

outlier is present.

P,=Pr [Zn =Z >z, Z < za|ﬁ] is the probability that the largest observation is the contaminant
(n-=1)

observation, which is being detected as discordant while the second largest is not a discordant

observation; and

Py=PrlZ >z|Z =1Z; H], is the conditional probability that when it is given that the contaminant is
an outlier and it is also identified as discordant by the test, where Z isa general test statistic and Z s

the corresponding value for the contaminant observation. David and Nagaraja (2003) have observed
that P,.P,.P, .P, and the information given by P, and P, are seen to be limited. Thus, only P,, P,and P,
are sufficient for defining performance of any test statistic. Further, Hayes and Kinsella (2003)
discussed the performance of the discordancy test on the basis of six performance criteria and called
them as non spurious power, spurious power, swamping effect, spurious Type II error, partially
spurious Type II error and nonspurious Type II error. Also, it was suggested that a good discordancy
test should have high value of non spurious power, low value of spurious power and low value of
swamping effect. They recommended that out of six performance criteria, probability of the
non-spurious power P,, probability of the spurious powerP, and the probability of the non-spurious
type-1I error P,-P, (which gives the probability that the test wrongly identifies a good observation as
discordant), are required to specify the test completely. In accordance with the above given
probabilities, large values of P, and P,/ P.- the probability that the contaminant shows up as the outlier,
are desired.

In this section, study of the performance for detection of a lower outlier for the both the cases of
Gumbel distribution with location parameter ¢ and scale parameter ¢ (unknown) are discussed. Case-I:
When all observations are greater than the location parameter u. The performance of the test statistic
Z to detect an upper outlier in a sample from a Gumbel distribution, after introducing a contaminant

observation from another sample from the same distribution with different scale parameter, was
observed. This was replicated 10,000 times. From this, the values of the probabilities P, P,, P,, P,- P,
and P,/ P; for the test statistic Z, were obtained and are given in Table 7.1. It can be observed that at 1%

level of significance, the power P,, the non- spurious power P, and the conditional power P of the test
statistic are showing almost negligible changes between sample size 5 and 10, between sample sizes 10
and 15 a rapid increase is observed while beyond 15 the rate of increase is comparatively low. The
non-spurious type-II error is also showing almost no change between sample size 5 and 10, between
sample sizes 10 and 15 it is increasing while beyond 15 it decreases. The ratio P,/ P, i.e. the probability
that the contaminant shows up as an outlier, is almost constant between sample sizes 5 and 10,
between sample sizes 10 and 15 it increases with very high rate of increase and beyond 15 rate of
increase is comparatively low. Thus, it can be interpreted that the performance of the test statistic is
increasing with sample size but beyond sample size 20 there is hardly any variation.

Table 7.1: Performance of the test statistic Z ) for case-I at different levels of significance

1| Level of Significance P, P, P —P, P, P./P,
1% 0.51490 0.42407 0.09083 0.55610 0.76258

5 5% 0.65360 0.53636 0.11724 0.70050 0.76568
10% 0.73890 0.70982 0.02908 0.86990 0.81598
1% 0.51490 0.42407 0.09083 0.53510 0.79251
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10 5% 0.90880 0.84694 0.06186 0.90050 0.94052
10% 0.94860 0.91699 0.03161 0.94040 0.97511

1% 0.94009 0.75653 0.18356 0.83550 0.90548

15 5% 0.97690 0.92238 0.05452 0.94980 0.97113
10% 0.99020 0.95652 0.03368 0.96950 0.98661

1% 0.95090 0.89512 0.05578 0.93330 0.95909

2 5% 0.99200 0.95667 0.03533 0.96990 0.98636
o 10% 0.99820 0.99500 0.00320 0.99840 0.99659

It can be seen that at 5% level of significance the power, the non spurious power, the conditional power
and the probability that the contaminant is identified as an outlier all are increasing rapidly between
sample sizes 5 and 10 and beyond 10 its rate of increase is comparatively low. The values of all these
probabilities are very high for sample sizes up to 15 while beyond 15 it shows almost no fluctuation. The
non spurious type-II error is decreasing very fast between sample sizes 5 and 10 while beyond that it
decreases with comparatively low rate of decrease. Hence from inferences discussed above it can be
concluded that the performance of the test statistic is good at 5% level of significance. It can be noticed
from. at 10% level of significance the power, the non spurious power, the conditional power and the
probability of showing up a contaminant as an outlier are very high and increasing rapidly between
sample sizes 5 and 10 and beyond that its rate of increase is very low. The non spurious type-II error is
increasing with a very low rate of increase with the increase of the sample size up to 15 and beyond
sample size 15 it decreases slowly. Hence it can be seen that the calculated probabilities P,, P,, P; and
P,/ P, are high and P,- P, i.e. non spurious error is low, as desired. Thus, on the basis of above results it
can be interpreted that the performance is increasing with sample size up to a certain level and after
that the variations are almost uniform, also the performance of the statistic is found to be good for the
detection of an upper outlier in a Gumbel sample at 5% and 10% levels of significance, while at 1% level
it is comparatively low.

Case-II: When all observations were smaller than the location parameter u. The performance of the test
statistic Z_ to detect an upper outlier in a sample from a Gumbel distribution, after introducing a

contaminant observation from another sample of the same distribution with different scale parameter
was obtained. These performance probabilities were obtained by simulation technique with 10,000
replicates and are given in

Table 7.2: Performance of the test statistic Z . for case-II at different levels of significance

n | Level of Significance P, P, P —P, P, P./P,
1% 0.3787 0.3488 0.0299 0.5605 0.6222
5 5% 0.5284 0.4918 0.0366 0.7017 0.7009
10% 0.6074 0.5407 0.0667 0.7638 0.7079
1% 0.8716 0.8071 0.0645 0.8961 0.9007
10 5% 0.8913 0.8358 0.0554 0.9029 0.9257
10% 0.9410 0.9090 0.0319 0.9263 0.9813
1% 0.9840 0.9329 0.0511 0.9484 0.9837
15 5% 0.9912 0.9447 0.0464 0.9583 0.9858
10% 0.9944 0.9762 0.0182 0.9874 0.9887
1% 0.9983 0.9500 0.0483 0.9729 0.9765
2 5% 0.9971 0.9691 0.0279 0.9888 0.9801
o 10% 0.9991 0.9866 0.0125 0.9912 0.9953
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It was observed from Table 7.2. that the performance of the test statistic under consideration was found
to be good (as the performance is increasing with the increase of the sample size and the calculated
probabilities P,, P,, P,and P,/ P; are high and P,- P, is low, as desired). Also, it can be seen that at 1%
level of significance the power, the nonspurious power, the conditional power and the probability of
identifying a contaminant as an outlier, are increasing rapidly between sample sizes 5 and 10, beyond
that the changes are almost negligible. The non-spurious type-II error is increasing with a small rate of
increase at 1% and 5% levels while at 10% level of significance it is decreasing with a very small rate of
decrease. Thus, it can be interpreted that the performance of the statistic is increasing with the sample
size up to 15 and beyond that almost negligible changes are observed.

VIl.  PERFORMANCE STUDY FOR A SINGLE LOWER OUTLIER

In this section the performance of Z , was studied for both the cases of the Gumbel distribution. Case-I:

When all observations were greater than the location parameter u. The performance of the test statistic
Z, to detect a lower outlier in a Gumbel sample, after introducing a contaminant observation from

another sample of the same distribution with different scale parameter, was studied by simulation
technique with 10,000 replicates. These performance probabilities are given in Table 8.1. From this
table, it can be observed that the performance is increasing with the increase of the sample size and it is
found to be satisfactory beyond sample size 15.

Table 8.1 Performance of the test statistic Z , for case-I at different levels of significanc

London Journal of Research in Science: Natural and Formal

Level of

" Significance P " R s PolPs
1% 0.5704 0.5124 0.0580 0.7077 0.7240

5 5% 0.6532 0.6331 0.0201 0.7243 0.8741
10% 0.7214 0.6865 0.0349 0.7456 0.9207

1% 0.7360 0.6791 0.0569 0.9276 0.7321
10 5% 0.8222 0.7955 0.0267 0.9219 0.8629
10% 0.9381 0.9087 0.0204 0.9478 0.9587
1% 0.8139 0.756 0.0579 0.991 0.7629
15 5% 0.9684 0.9359 0.0325 0.9956 0.9400
10% 0.9842 0.955 0.0292 0.9956 0.9592
1% 0.9512 0.8965 0.0547 0.9901 0.8973
20 5% 0.9878 0.9503 0.0375 0.9994 0.9509
10% 0.9975 0.9699 0.0276 0.9996 0.9703

It can be seen that the power P, the non spurious power P, and the conditional power P ; are increasing

rapidly between sample sizes 5 and 10 at 1% and 10% levels of significance while are increasing rapidly
between sample sizes 5 and 15 at 5% level of significance. The non spurious type-II is found to be very
low and it shows very small changes throughout. The probability of showing the contaminant as an
outlier, is high for high values (greater than 10) of the sample size, it is increasing rapidly between
sample sizes 5 and 10 at 1% level of significance. While at 5% and 10% levels of significance it is
showing negligible changes between sample sizes 5 and 10, beyond 10 it increases very slowly. On the
basis of above inference, it can be interpreted that the power P, the non spurious power P . the

conditional power P s and the probability that the contaminant is showing up as an outlier, are found to
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be very high and the non spurious type-II error is low, as desired. Thus, it can be said that the test
statistic is performing very well in this case for sample sizes greater than 10.

Case-II: When all observations were smaller than the location parameter . The performance of the test
statistic Z, for detection of a lower outlying observation from a Gumbel sample with a contaminant

observation which was taken from a sample of the same distribution with different scale parameter was
studied. All the performance probabilities were calculated by simulation technique with 10,000
replications, and are given in Table 8.2. From Table 8.2. it can be seen that the performance is
increasing with the sample size and it is good enough for sample sizes greater than 10.

Table 8.2: Performance of the test statistic Z 5 for case-II at different levels of significance

n | Level of Significance P, P, P —P, P, P./P,
1% 0.5581 0.4566 0.1015 0.5616 0.8130
5 5% 0.7862 0.7498 0.0364 0.7934 0.9450
10% 0.8786 0.8543 0.0243 0.8848 0.9655
1% 0.7949 0.7786 0.0163 0.7987 0.9548
10 5% 0.9794 0.9364 0.0430 0.9788 0.9767
10% 0.9831 0.9646 0.0185 0.9837 0.9806
1% 0.9370 0.9263 0.0107 0.9362 0.9694
15 5% 0.9976 0.9768 0.0208 0.9979 0.9789
10% 0.9987 0.9854 0.0133 0.9987 0.9867
1% 0.9804 0.9760 0.0044 0.9831 0.9828
2 5% 0.9999 0.9883 0.0116 0.9979 0.9904
o 10% 1.0000 0.9981 0.0019 1.0000 0.9981

From this, it can be interpreted that the power, the non spurious power and the conditional power of
the test statistic are high for large sample sizes; these are increasing rapidly between sample sizes 5 and
10 while beyond sample size 10 it increases with a comparatively low rate of increase. The non spurious
type-II error is low and decreasing slowly with a very small rate of decrease. The probability of
identifying the contaminant as an outlying observation is also very high and increasing with the
increase of the sample size, as desired for a good discordancy test according to Barnett and Lewis
(1994) and Hayes and Kinsella (2003). Thus it can be concluded that the test statistic under
consideration is performing very well for sample sizes greater than 5

IX.  PERFORMANCE STUDY FOR A PAIR OF OUTLIERS

Case-I: When all observations were greater than the location parameter u. The performance of the test
statistic Z , o detect a pair of outliers in a sample from Gumbel distribution after introducing a pair of

contaminants from another sample from the same distribution with a shifted scale parameter was
obtained by simulation technique with 10,000 replicates. These performance probabilities are given in
Table 9.1.

n | Level of Significance P P, P —P, P, P./P,
1% 0.2678 0.1790 0.0888 0.6731 0.2659
5% 0.5066 0.5008 0.0058 0.8499 0.5892

5 10% 0.6139 0.5360 0.0779 0.8996 0.5958
1% 0.5514 0.4550 0.0964 0.8736 0.5208
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10 5% 0.8019 0.7095 0.0924 0.9665 0.7341
10% 0.8793 0.7779 0.1014 0.9849 0.7898

1% 0.7510 0.6325 0.1185 0.9468 0.6680

" 5% 0.9169 0.8216 0.0953 0.9900 0.8299
10% 0.9668 0.8376 0.1292 0.9967 0.8404

1% 0.8579 0.7253 0.1326 0.9774 0.7421

2 5% 0.9646 0.8512 0.1134 0.9966 0.8541
0 10% 0.9896 0.8406 0.1490 0.9990 0.8414

It can be observed from the above table that the power, the non-spurious power and the conditional
power of the test statistic are increasing rapidly throughout. It can also be seen that the power, the non
spurious power, the conditional power and the probability of identifying the contaminant as an outlier
is increasing with the increase of the sample size and the non spurious type-II error is very low. Since
the probabilities P p Py P are significantly high for sample sizes greater than 10 and P —P,is low, as

desired for a good discordancy test. Thus, it can be interpreted that the performance the test statistic Z s
is good for large samples.

Case-II: When all observations were smaller than the location parameter u. The performance of the test
statistic Z , o detect a pair of outliers in a sample from a Gumbel distribution after introducing a pair of

contaminants from another sample from the same distribution with different scale parameter was
studied by simulation technique with 10,000 replications. These performance probabilities are given in
Table 9.2.

Table 9.2: Performance of the test statistic Z s for case-II at different levels of significance.

n Level of P P P —P P P./P
Significance ! 3 s 5 35
1% 0.0154 0.0066 0.0088 0.1915 0.0345

5 5% 0.0891 0.0833 0.0058 0.4489 0.1856
10% 0.2008 0.1229 0.0779 0.6354 0.1934

1% 0.0644 0.0480 0.0164 0.3916 0.1226

10 5% 0.2741 0.1837 0.0904 0.7131 0.2576
10% 0.4563 0.4161 0.0402 0.8393 0.4958

1% 0.1149 0.0964 0.0185 0.4867 0.1981
15 5% 0.3706 0.2753 0.0953 0.7651 0.3598
10% 0.6182 0.5250 0.0932 0.9028 0.5815
1% 0.1526 0.1100 0.0426 0.4926 0.2233
20 5% 0.5848 0.4714 0.1134 0.8628 0.5463
10% 0.8107 0.6356 0.1751 0.9648 0.6587

From Table 9.2. it can be observed that since the power, the non spurious power, the conditional
power, are very low thus the test statistic is not found to be satisfactory for the detection of a pair of
outliers in a sample from case-II of a Gumbel distribution. It can be seen that the power of the statistic
is increasing throughout with almost constant rate of increase. The non spurious power, is increasing
with a good rate of increase between sample sizes 5 and 15 while beyond that almost no changes are
observed. The non spurious type II error of the test statistic at 1% level of significance is found to be
very low. The conditional power of the statistic at 1% level of significance shows that the conditional
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power increases between sample sizes 5 and 10, between sample sizes 10 and 15 almost no changes are
observed while beyond sample size 15 again it increases uniformly. The probability of detecting an
outlying pair at 1% level of significance is found to be low. It increases rapidly between sample sizes 5
and 15, while beyond 15 the rate of increase is low.

It can also be seen that the power increases with the increase of sample size throughout almost
uniformly but small changes are occurring between sample sizes 10 and 15. The non- spurious power of
the test statistic at 5% level of significance increases rapidly from sample size 5 to 15 and beyond
sample size15, its rate of increase is comparatively low. The spurious power of the test statistic at 5%
level of significance increases rapidly between sample sizes 5 and 10, the rate of increase is
comparatively low between sample sizes 10 and 25 while beyond sample size 25, almost no changes are
seen. The conditional power increases with good rate of increase between sample sizes 5 and 10 but
gives relatively low rate of increase between sample sizes 10 and 20, beyond sample size 20 it increases
uniformly. The probability of detecting contaminant(s) as an outlying pair at 5% level of significance is
found to be good and is increasing with the increase of the sample size.

It can be noticed at 10% level of significance that the power of the test statistic under consideration
increases with the increase of sample size up to 15 and beyond sample size 15 it gives relatively small
changes. The non- spurious power of the test statistic at 10% level of significance increases rapidly with
the increase of sample size from sample size 5 to 10 and beyond sample size 10 it increases uniformly
with comparatively low rate of increase. The spurious power of the test statistic at 10% level of
significance is found to be low. It decreases between sample sizes 5 and 10 and then starts to increase
beyond 10 with a good rate of increase. The conditional power of the statistic at 10% level of
significance shows that the conditional power increases rapidly between sample sizes 5 and 20. The
probability of detecting contaminant(s) as an outlying pair at 10% level of significance is found to be
high and increases with the increase of the sample size up to 10, beyond 10 the rate of increase is
comparatively low. It can be concluded from the above inference that the test statistic is not found to be
suitable for the detection of a pair of outliers in a sample from a Gumbel distribution. Therefore, it
cannot be recommended for detection of a pair of outliers in a sample from a Gumbel distribution for
case-II.

Conclusion: It can be concluded from the above study that the two suggested test statistics Z . and Z 5

(for detection of the single upper and lower outlier) are performing very well, while the performance of
the test statistic suggested for the detection of a pair of outliers is very poor, especially for case-II. Thus,
use of the test statistics Z 1and Z, for detection of an upper and lower outlying observation respectively,

can be used for the Gumbel distribution with unknown scale parameter but the test statistic Z , cannot

be suggested for efficient results in a Gumbel distribution.
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