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ABSTRACT

In this contribution, we propose a single-species population growth model formulated using
ideas emanating from Liebig’s principle of limiting factors. The inherent natural natality rate
determines by the minimum between the size of the population and that of a resource on which
the population depends for sustenance. Moreover, emulating the unrestricted population
growth assumption, we hypothesise that the associating natural mortality rate is proportional
to population size.We also consider that the external feeding resource's consumption rate
varies directly proportional to the natural growth rate of the population.In this delivery, we
present a qualitative study of the associated trajectories and fitting results based on data on
populations growing under experimental or natural conditions. The possible phase
configurations include regimes with stable equilibria, sigmoidal growth, extinction, or
stationarity. All study cases confirmed that the offered model entails high reproducibility of
observed variation patterns while supplying remarkable interpretative capabilities.The
proposed model also allows simultaneous identification of the population size trajectory and
the resource abatement function. One phase of Liebig’s limiting factors principle-driven model
can consistently mimic population size abatement to extinction. Such a feature misses
improved in regularly conceived S-shaped population growth models.
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l. INTRODUCTION

The optimal settings for biological processes often occur at the minimum and maximum values
of relevant variables (Ghaleb et al., 2020; Peeters & Gardeniers, 1998). The concept of extreme
value control ascended from results reported by K. Sprengel in 1839 (Sprengel, 1839;
El-Sharkawy, 2011) and later popularised by Justus von Liebig, stating that the nutrient present
in the minimum determines the rate of growth of a particular organism (Liebig, 1843). This
observation led to the establishment of Liebig's Principle of Limiting Factors, also known as
Liebig's Law of the Minimum (Rizhinashvili, 2022; Anees, 2022). Agents that slow down growth
in an ecosystem constitute limiting factors. Control exerts by either the minimum or maximum
values that the factor can assume over a gradient of variation. Based on lower and upper
tolerance limits, Liebig's Law of the Minimum was generalised into the Law of the Tolerance of
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Shelford (Shelford, 1913). Furthermore, limiting factors can indirectly influence the impact of
other non-limiting factors by interacting with them. This principle, known as the principle of
Limiting Factors, is treasured in studying the entire or parts of ecosystems (Odum,1963;
Odum,1971).

Although in the ecological literature, the control by extreme values regularly cites, its utilisation
as a conceptual framework for population growth models is limited. The initial effort to apply
this concept was due to I. A. Polyetayev et al. in 1971, who proposed a Liebig's Principle of
Limiting Factors-based model for predator-prey interactions (Polyetayev et al., 1971). In the
Polyetayev model, the natality rate for the prey population determines by the minimum between
the population size and the extent of an external resource representing feeding energy
availability. Building upon these ideas, Echavarria and Gomez (1979) and Montiel-Arzate, et al.
(2004) further developed related population models by maintaining natality as controlled by
Liebig's Law of the Minimum but emulating Shelford's Law of Tolerance by hypothesising that
the mortality rate regulates by the maximum value of factors depending on population size.
Recently, Echavarria-Heras et al. (2021) revised the approach by Montiel-Arzate et al. (2004) to
propose a model for the growth of a single species population built upon the Liebig-Shelford as
mentioned earlier paradigm for the control of the related natural growth rate, but including a
specific scaling or weighting of population size to model the increase in mortality promoted by
low population densities. This last approach reported consistent reproducibility when fitted on
real data sets. However, the authors also reported inconveniences since a direct fitting procedure
that relies on estimates' initial values brought high sensibility associated with local minimum
problems at the nonlinear acquisition of final values. Therefore, a revision aimed to avoid or at
least lessen the parameter estimation burden experienced deems necessary. In that vein,
reducing the complexity associated with the Echavarria-Heras et al. (2021) construct while
simultaneously keeping its reproducibility strength endures a reasonable rationale. For that aim,
in this contribution, we modify the protocol by Echavarria-Heras et al. (2021) and propose a
single species population growth model, built upon Liebig's Principle of Limiting Factors and
such that: (1) the inherent natural natality rate is determined according to Liebig's Law by the
minimum between the size of the population and that of the resource on which the population
depends for sustenance, (2) by partially emulating the unrestricted population growth
hypothesis the add-on natural mortality rate is supposed to be proportional solely to population
size, and (3) the rate of consumption of the external feeding resource ostensibly varies directly
proportional to the natural growth rate of the population. The resulting model identifies further
as Liebig's Principle of Limiting Factors Population Growth Model or Liebig's Law Population
Model (LLPM). Despite being partially founded on the assumption that mortality depends
linearly on population size, the present model demonstrated a proven capability to mimic the
typical s-shaped pattern associated with restricted growth models—besides, a lesser complexity
demonstrated to be advantageous in finding parameter estimates for consistent reproducibility.
We include several examples based on observed data that confirm the empirical and
interpretative adequacy of the present paradigm. An appendix presents the formalities behind a
qualitative study of the associating global trajectory.

ll.  THEORETICAL APPROACH

For present aims, we denote through x(t) a quantitative measure of the size of a single-species
population at a time t. It could be understood by x(t), for example, the biomass of all animals
composing the population, or their number, if it is suitably large and changes continuously. We
additionally assume that the maintenance of the population depends on the presence of an
external resource or agent whose extent at time tdenotes using R(t). For instance, R(t) could
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stand for: the food solution for a culture of bacteria; the amount of solar energy with which the
primary producers photosynthetically elaborate carbohydrates; the biomass of autotrophs upon
which herbivores fed or the biomass of these later that provide nourishment for carnivores; the
pool of antibiotics that limit the proliferation of a bacterial population; the number of nests
available for a bird species.

We now explain how Liebig’s Law of the Minimum statement can produce a population growth

model under a limiting resource. For that aim, we use the symbol Jé(t) to denote the natural
growth rate of population size x(t)at a time t. Formally, the proposed model states that

x() = f(R®),x(®))x(¢) (1)

where R(t) at time t stands for the amount of a resource that the population requires to stand by,
and f(R(t), x(t)) is a function depending on both x(t) and R(t) and represents the intrinsic
population growth rate at a timet.Along Equation (1), we take on the initial conditions R o, = R(0),

and x, = x(0).

Following Charlebois and Balazsi (2018) and Echavarria-Heras et al. (2021), we assume that the
natural population growth rate and resource consumption relate such that

dR(t) _ _dx(t)
ac . Par (2)

where p is a positive constant. Integration yields
R(t) =Ry —p(x(t) — xo) (3)

In order to provide a representation of Equation (1) deriving from Liebig’s Law of the Minimum,
we assume that at a given time, t population size x(t) sets by the balance of two opposite
processes: one having intensity N(t) and nourishing the number of births, and another of a
strength M(t) inducing the natural death of individuals in the population.

This work will limit ourselves to where R(t) stands for the population's external energy source.
To facilitate the reasoning, we will assume that R(t) and x(t) at eachtime t can bemeasured with
the same units and compare them directly. R(t) might be such that, at time t, satisfies the
essential needs of all population individuals. For example, if each individual of a herbivorous
population consumes an average of pkg of food at time t, then an energy source of valuepx(t)
could satisfy thevital needs of the population. In other words, if the number of individuals x(t)is
less than the magnitude of the energy source R(t) at time t, then there will be no lack of food for
the population, and we could assume that the intensity of the birth process N(t)depends on the
number of individuals x(t) at each instant ¢. If, on the contrary, x(t) is more significant than R(t),
then only some individuals equal to R(t) at time twill be able to feed normally and the intensity
of the birth process N(t) will set by R(t) for each t.In summary, considering Liebig's Law of the
Minimum, we may consider a positive constant a, such that

N(t) = amin{x(t),R(t)} 4)

The minimum operation extends to all values of t considered in a specific interval, say of the
type [0, T], whereT can be any real number.
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Correspondingly, we will assume that the intensity of the natural death process M(t) sets is
directly proportional to the number of individuals in the population. That is, for b, a positive
constant, we take

M(t) = bx(t) (5)
Then, the natural population growth rate x(t) is formally given by the balance of N(t) and M(t),
x(¢) = N(©) — M(©) (6)

Combining Equations (4) through (6) the intrinsic population growth rate f(R(t), x(t))
introduced in Equation (1), takes the form,

f(R®),x(®)) = amin (x(£),R(£))/x(t) = b )
Therefore, Equation (1) gets the piece wisely defined form

(a—=b)x(t) for x(t) <R(t)
x(t) = (8)
aR(t) — bx(t) for x(t) > R(t)

Moreover, replacing R(t) as given by Equation (3) into Equation (8) and simplifying leads to

(a — b)x(t) for x(t) <E (9)
x(t) =
(ap + b)(K — x(t)) for x(t)>E

where

(10)
E = (Ro +px0)/(1+p)
and

K=aE(p+1)(ap + b)7?! (11)

Note that the expressions of the second member of (9) are continuous functions by virtue that
we can suppose that x(t) as much as R(t) are continuous functions of time.The first of the
differential equations of (9) is a homogeneous linear equation whose solution is immediate, and
the second of these equations is a non-homogeneous linear equation which using an integration
factor or via the parameter variation method, can also be solved. Then, the solution x(t) to

Equation (9) will be
x,(t) for x(t)<E (12)
x(t) =
x,(t) for x(t)>E
where
x1(t) = xp9e@7D)t (13)
and x5 (£) = x50e @D K (1 — g=(aP¥hIE) (14)

with E and K given by Equations (10) and (11) one to one, x__ and X, 0determined from the

10
requirement that x(0) = X, and the continuity condition x 1(tc) = xz(tc) being t_atime value
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such that x(tc) = E. Note also that according to equations (9) and (12), x ,@® will be increasing

whenever a > b, and conversely, x L@® will decrease provided a < b holds. In turn, by Equations

dxz(t
dt

dx,(£)
dt

) . .
> 0 whenever the inequality x, ()< K holds. In turn, <0

(9) and (12), x, (1) satisfies
if xz(t) > K.

Setting p = 0 in Equation (3) considers the case where R(t) remains steady at a level R o

aRO

Equations (10) and (11) becomeE = R, and K = ——, one-to-one. Letx (1), satisfying x (0)=x_,

stand for the global trajectory associated with such a stationary -case.
Then,correspondingly,Equation (9) takes the form

dxs _ (a - b)xs(t) fOT xs(t) < RO (15)

at
aRy, — bx,(t) for x,(t) >R,
And in turn,x (t) the stationary form of Equation (12) becomes

xs1(t) for x(t) <R,

X (t) = (16)
X2 (t) for x(t) >R,
where
x51(t) = x510@ Dt (17)
X52(t) = xgp0e 7Pt + aTRO (1—e™) (18)

where, as we have specified around Equation (14), X0 and X, are integration constants to be

determined using the initial condition x(0)=x_ and the continuity requirement X 1(tc) =X Z(tc)

being t a time value such that x (t ) =R.
c s\ ¢ 0

The stationary characterisation x (t) of Equation (12) provides a resource availability model for

autotrophic organisms, including photosynthetic bacteria, algae, and plants, that rely on a
consistent energy source to withstand their growth and population sustainability. These
organisms possess the ability to produce their food through photosynthesis, which entails the
transformation of sunlight into chemical energy. As long as there is a stable availability of
sunlight, the autotrophic population can thrive and grow. Another instance of a population
dependent on a steady energy source is a group of chemosynthetic organisms inhabiting
environments with a continuous supply of chemical compounds, such as sulfur or methane.
They can generate sustenance using the energy derived from these compounds to support
growth and reproduction. In addition, certain heterotrophic populations, such as specific kinds
of fungi, can subsist and multiply on a steady energy supply sourced from decomposing organic
matter given a constant supply.

The logistic model proposed initially by Verhulst (1838) as a way of modelling population
growth under limited availability of resources formally represents employing the differential
Equation

x(t) = ax(t)(1 —x(t)/K) (19)
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where x(t) stands for population size or density at time t,a is the associated intrinsicrate of
increase, and K is a positive constant known as the environmental carrying capacity. The logistic
model will provide a reference to assess the reproducibility strength of the global trajectory of
Liebig's Principle of limiting factors model of Equation (9).

. RESULTS

3.1 Qualitative study of the global trajectory x(t)

As shown in the appendix, if we have that a — b < 0, then for x =E the global trajectory x(t)
acquires the x L@® form given by Equation (13) with x 0= Xy Therefore, x(t) is monotonically

decreasing for all t >0. Because of this, the population size vanishes according to an exponential

law. Alternatively, if a < b and x 0> E x(t) will initially conform to the x,(t) branch given by

dx,(t)
dt

Equation (14), setting X0 = X, Since a < b implies K < E, we have < 0 and x, (1)

asymptotically approaching the value K. But, by continuity on its descent towards K, there
necessarily will be a time t such that xz(tc) = E. Afterwards, the x(t) dynamics will followthe

x, (1) split, which because of the ordering a < b, will drive population size to vanish. We can

summarise that maintenance of the condition a < b implies the disappearance of the
population, regardless of its initial value x 0 (also regardless of whether this value is greater or

equal or less than E, see Figure 1).

Figure 1. The behaviour of the trajectory x(t) for a < b. For x,<E, population size x(t) vanishes,
following an exponential law, provided that a < b. Whenever a < b and x,> E, population size
x(t) decreases initially according to the x ,(® correspondence rule approaching the asymptotic

value K, which lies below E, when crossing this threshold, the trajectory x(t) ceases to behave
according to the rule x, (1) and switches to the x, (1) path, and therefore, asymptotically

approaching zero as t progresses to infinity.
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Consider now the a > b order.Then, we will also have K > E. Then, for xOSE , at the beginning of

the growth process, population size will describe according to the exponentially increasing path
x, (0. Furthermore, since x,SE by continuity, there will be a time t such that x 1(tc) =E.

Afterwards, the x(t) dynamics will switch to being modelled by the x,(t) stem. Therefore, as the

appendix explains, population size x(t) will keep increasing and asymptotically approaching
K > E. Thecasea > band E < x o< Kportraits similarly with x(t) behaving as the x ,(®) branch

and asymptotically approaching K. Besides, whenever a > b and x 0> K> E, the population
size x(t) will be described by x ,(£), s0 the condition x,> K will fix x(t) to be decreasing and

asymptotically approaching Kas t progresses to infinity (Figure 2).

Figure 2: The behaviour of the x(t) trajectory for a > b. For a > b and x,SE<K, at the
beginning of the process, population size x(t) increases according to the x L@® branch; because of
continuity, x_ (¢) will reach the E threshold at a time t . For t=t, population size will keep
growing according to x, (1), thereby asymptotically approaching levelK. The case a > b and
E<x, <K renders similarly with x(t) behaving as the x ,(®) branch approaching K. For a > b

and x 0> K the trajectory decreases from x 0 and approaches the equilibrium level K.

For a = b and the x,<E ordering, population size x(t) determines by x (), so it remains
stationary at x . Assuming that the arrangement a = b and x,>E holds, at the start of the

growing process, the x(t) trajectory will be determined by the x ,(®) rule with the initial condition

de t
dt

. . ) .
X, = X, As the appendix explains, we also have < Ofor this parameter arrangement so the

20
x(t) trajectory shall decrease and asymptotically approach E.
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Figure 3: The behaviour of the x(t) trajectory for a = b. For x,<E and a = b, the x(t) trajectory
remains stationary. For a = b and x,> E, the trajectory x(t) decreases and asymptotically

approaches E.

In summary, the case a = b entitles a heterogeneous behaviour because if the magnitude of the
initial population satisfies x 0 < E then population size x(t) remains steady. However, if the

initial population size lies above the E threshold, i.e. x, > E, then x(t) decreases and

asymptotically approaches the E threshold (Figure 3).

O
3.2 Fitting Results

In what follows, we explain the performance of LLPM, Liebig's law population model of
Equation (9), as an exploratory tool given different data sets. We address data on yeast grown
under ideal conditions in a test tube and the growth of a harbour seal population, both reported
by Avissar et al. (2013). We also consider data reported by R. Pearl on the growth of Drosophila
melanogaster (Pearl, 1927) and data reported by Hughes and Tanner (2000) on the slow decline
of an Agaricia agaricites population on Jamaican reefs. Fitted parameters, associating standard
deviations and Concordance Correlation Coefficient (CCC) values, also denoted utilising the p
symbol (Lin, 1989), appear in Table 1. To compare the reproducibility strength of offered LLPM,
we include CCC values of fits of the logistic model of Equation (19) performed on the included
data sets.
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Table 1. Estimated values of initial population and resource sizes x, and R,, as well as

parameter, values a, b, p and E produced by fitting the LLPM of Equation (9) to the listed data
sets (Avissar et al.,, 2013; Pearl, 1927; Hughes & Tanner, 2000). Concordance Correlation
Coefficient (p) values are also displayed.

D
Sztta x, a b E R, K p pLLPM pLOG
Yeast 1.1 0.2549 | 0.0452 5.7925 | 8.1388 12.827 0.5 99.23% 98.19%
Seal 1634.24 | 0.3142 0.1748 4345.66 4350 7801 0.0016 92.97% 86.91%
Fruitfly | 13.0039 | 0.4956 | 0.3616 235 279.39 303.31 0.2 99.43% 99.43%
Coral 142.62 | 0.1070 | 0.2565 376.49 | 376.871 157.20 | 0.0016 91.43% 88.99%

p LLPM stands for CCC value linking to the LLPM of Equation (9), p LOGdenotes CCC produced by
a fit of the logistic model of Equation (19).

We first considered data on yeast growing under ideal conditions in a test tube portrayed in
Figure 45.10a) in Avissar et al. (2013) and reproduced here in Figure 4a. We know that the yeast
growth curve shown in Panel (a), as portrayed in Avissar et al. (2013), suggests an inconsistent

placement of the initial condition x o Nevertheless, blue lines in Figure 4b display a consistent

S-shaped curve fitted by the logistic model of Equation (19) on yeast data (a = 0.2056,
x, = 0.2998,K = 12.57, p = 98.19). Afterwards, we produced a fit of Liebig's law of the
minimum-driven model of Equation (9) (LLPM) to yeast data. Fitted LLPM parameters values
were a = 0.2549, b = 0.0452,x, = 1.1, R, = 8.1388 and p = 0.5, which through
Equations (10) and (11) produced E = 5.7925 and K = 12.827 one to one. Concurring
reproducibility index value was p = 99. 23. Comparing the shapes of the trajectories of the yeast
population displayed in Figure 4, we can be aware that blue lines fitted by the present LLPM
(Panel c) consistently describe an S-shaped pattern. Panel (c) also shows the shape of the fitted
form of the resource abatement function R(t) as given by Equation (3) (red lines). Avissar et al.
(2013) do not refer to whatever energy source the yeast population depended on, but in any
event, the shape of the fitted form of R(t) suggests that independently of bulk consumption, the
yeast population and its feeding resource stabilised one to one.
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Figure 4. Yeast growth data from Avissar et al. (2013). Panel (a) is an assumed S-shaped logistic
growth curve pattern associated withyeast grown under ideal conditions in a test tube, as in
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