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Numeric-Symbolic Composite Derivative 
Calculations                                  
  James Daniel Turner 

____________________________________________ 

                                                        ABSTRACT 

Composite derivative calculations arise in many applications in computational science and 

engineering.  Since 1857 the gold standard for computing composite derivatives is the celebrated 

formula of Faà Di Bruno. The equation is an identity for generalizing the chain rule of calculus to 

higher dimensions. It is very complicated.  Each sub calculation must satisfy two integer constraint 

equations. An alternative problem formulation, proposed in 1861 by George Scott, is analytically very 

simple: nevertheless, the requirement for computing hand-generated complex derivatives while 

enforcing a boundary condition, has limited its application.  Symbolic methods are also available, but 

computationally expensive to embed in application software. This paper combines the best features of 

symbolic processing and Scott’s formulation. The symbolic preprocessor  computes (1) derivatives, 

and (2) enforces the derivative boundary condition appearing in Scott’s method. For n requested 

composite derivatives; the preprocessor generates a lower triangular nxn array that is embedded in 

the application software for computing the numerical composite derivatives.  Unless the number of 

requested composite work derivatives increases, the preprocessor is only called one time. The 

symbolic preprocessor easily scales for handling ten’s to hundred’s of composite derivatives. A 

numerical example is provided, where 1..5 composite derivatives are computed. 

Author: Amdyn Systems Inc.

I.​ INTRODUCTION 

Composite function calculations arise in all areas of scientific and engineering computing. Low-order 

applications present no technical problems for manually derived calculations. High-order applications, 

however, rapidly become cumbersome to manage the bookkeeping involved. Alternatively, symbolic 

tools are available, such as Maple, Mathematica, Octave (used herein) and others, for generating 

arbitrary order derivative calculations. Unfortunately, run-time penalties make it is impractical to 

embed a algebraic symbolic program within an application program. Since 1857 the work of Faa Di 

Bruno [1],[2],[3] has served as the gold standard for computing composite derivatives. This work 

combines the power of symbolic computing with the simple elegance of George Scott’s 1861 

formulation [4]. For five requested composite derivative calculations, the symbolic software generates a 

5x5 lower triangular array, that is embedded in the application software for computing numerical 

derivative values. A numerical example is provided to demonstrate the effectiveness of the proposed 

algorithm. 

1.1   Faa Di Bruno Formulation 

Since 1857 scalar composite function calculations have been theoretically handled by invoking the 

celebrated work of Faà Di Bruno [1],[2],[3]. His formula for computing the nth derivative of the 

function  is given by 

L
on

d
on

 J
ou

rn
al

 o
f 

E
n

gi
n

ee
ri

n
g 

R
es

ea
rc

h

©2025 Great Britain Journals Press Volume 25 | Issue 6 | Compilation 1.0 1



 

where the summation process is subject to the following integer constraint conditions 

 

No additional derivative calculations are required.  Not surprisingly the calculation represents a 

daunting bookkeeping challenge.   

1.2   Scott’s Composite Derivative Formulation 

In 1861 George Scott [4] proposed the following alternative composite function derivative formulation 

​ ​ ​ ​
(1) 

which is analytically much simpler than Faà Di Bruno’s identity. Unfortunately, the requirement for 

generating hand-derived derivatives for 

,

 where n denotes the nth derivative and k 

denotes derivative summation index, has limited its broader application in the computational research 

community. 

II.​ NUMERIC-SYMBOLIC COMPOSITE DERIVATIVE FORMULATION 

This paper presents a composite derivative algorithm that combines:  (1) the simplicity of Scott’s 

formulation [4], and, (2) the power of algebraic symbolic manipulation.  Only two function routines are 

required (see Figure 1 and Appendix A).  Symbolic function derivatives are computed for a generic G(x) 

function. The use of a generic function (see Figure 1), eliminates the need for embedding a symbolic 

program in the application software.  The algorithm consists of two parts.  First, a symbolic 

preprocessor  (see Figure A) computes the derivatives for and enforces a G=0 boundary 

condition on each derivative.  The derivative calculations become very complicated as the requested 

number of composite derivatives increase.  Nevertheless, after the boundary condition G=0 is enforced, 

the elements of the output derivative array are very simple.  The symbolically generated derivative 

array consists of a lower triangular nxn array; which is copied into the application software for 

numerical derivative calculations.  The elements of the array consist of components of the vector array 

{V1 V2 …Vn}, where Vi denotes .   The array is only recomputed if the number of requested 

derivative increases.   

Second, the application program embeds the computational function routine appearing in Figure 1, for 

numerically computing the composite derivatives.  An elegantly simple double summation algorithm 

generates the numerical results for the composite derivatives. 

Numeric-Symbolic Composite Derivative Calculations
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​               ​

(2) 

where . The dGdx array of Eq. 2 enables 1 through 5 composite derivatives to be 

evaluated. Elements of the array are nonlinear, for example, the element dGdx(4,2) = .  

During the preprocessing operations, the following change of variables eliminates potential problems 

with processing the nonlinear terms:  

 

The change of variables substitution starts with the highest order derivative and continues until the 

lowest order derivative variable has been replaced (see Appendix A).  

An additional benefit of this approach is that for applications only requiring three composite 

derivatives, one only uses the sub portion of the array dGdx(1:3,1:3) for all numerical derivative 

calculations.    

III.​ COMPOSITE DERIVATIVE CALCULATIONS 

Taking the symbolically generated dGdx array of  Eq. 2 as input for the application software; composite 

derivatives are computed with following function routine: 

Function Composite = Derivative( nd, x, DF, DG, Rfac ) 

%% This function computes composite derivatives for nd derivatives. 

%% The Maximum number of derivatives is five(5), otherwise the 

%% symbolic preprocessor is recomputed to generate a new dGdx array. 

%% INPUT: 

%%              nd        number of composite derivatives requested 

%%                x         evaluation point for the composite derivative 

%%               

%%               

%%                          where x denotes the evaluation point for the derivatives 

%%                          DF & DG are user supplied nd x 1 arrays of derivatives numerically 

%%                          evaluated at the application points 

%%           Rfac   = reciprocal factorial array nd x 1 

%% OUTPUT: 
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For nd = five requested composite derivatives, the symbolic preprocessor, presented in Appendix A, 

generates the following dGdx lower triangular nd x nd array: 

Numeric-Symbolic Composite Derivative Calculations



%%    Composite   denotes the nd x 1 array of requested composite derivatives 

%%==================================================== 

%% Copyright(2025) James D. Turner, All Rights Reserved 

%%==================================================== 

 

%% Introduce Current G(x) Derivative values in the following dGdx array 

 

%% dGdx is copied from the symbolic preprocessor of Appendix A 

 

%% Begin Main Derivative Summation Loop 

for n = 1:nd     %% Number of requested composite derivatives 

      s = 0;          %% initialize each derivative summation 

     for k = 1:n   %% Number of summation terms for each derivative 

           s = s  +  DF(k)*dGdx(n,k)*Rfac(k); 

     endfor         %% Sum current Derivative Series Expansion 

     Composite(n) = s; %% Save nth value of the composite derivative 

endfor %% double summation algorithm 

endfuction 

Figure 1:  Numerical Composite Derivative Function Routine 

This double summation algorithm is extremely simple when compared with Faa Di Bruno’s 

formulation [1],[2],[3]. 

IV.​ NUMERICAL APPLICATION 

This Section presents a numerical composite derivative example, where five(5) composite derivatives 

are requested. The assumed composite derivative function is given by: 

​              ​​ ​
(3) 

There are two numerical evaluation points for the function appearing in Eq. (3).  Namely, 

Evalpt = 0.5 for G(Evalpt), and 

FEvalpt  = cosh(Evalpt) 

Numeric-Symbolic Composite Derivative Calculations
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pp. 77-92. 
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APPENDIX A   

Symbolic Constrained Derivative Preprocessor 

This function routine uses symbolic processing to compute and enforce derivative boundary conditions.  

A generic function is used to generate the derivatives and enforce boundary conditions on  

. The use of a generic function G(x) eliminates the need for embedding a symbolic 

manipulation tool in the application software. The generation of symbolic derivatives is straight 

forward. Enforcing the G=0 boundary condition of the derivative expressions requires an indirect 

approach to avoid a potential loss of nonlinear terms. This is handled by introducing a change of 

variables to eliminate the explicit derivative expressions in the symbolic derivative results. The 

calculation is started by eliminating the highest derivatives first. The calculation generates a lower 

triangular array dGdx, that is inserted in the application software as the function routine appearing in 

Figure 1. This array is computed only one time, and is only recomputed if the number of requested 

composite derivative increases. 

function dgk = Sym_dGdk_preprocessor ( nd ) 

%% Symbolic PreProcessor for composite derivatives 

%% Math Model:  phi = f( g(x) ), @ x = evaluation point 

%% INPUT: nd number of implicit derivatives required on output 

%%==================================================== 

%% INPUT:       nd Number of implicit derivatives required 

%% OUTPUT: dgk nxn lower triangular array of derivatives @ G = 0 

%% COPYRIGHT (2025) James D. Turner Allrights reserved 

syms G(x);        %% Declare variables to be symbolic 

syms k; 

%% Create change of variables array to eliminate analytic dervs: 

symbols = sym( zeros( 1, nd ) ); % Preallocate symbolic array 

for i = 1:nd 

    symbols(i) = sym( sprintf('v%d', i)); 

    % Create symbols = { v1, v2, ..., vn } 

End  %% => ( G' = V1, G'' = V2, ...,G(n) = Vn ) 

 

old   = sym ( zeros( nd,1) ); 

new = sym ( zeros( nd,1) );      %% allocate memory for derivative transformations 

 

for i = 1:nd 

  old(i,1)  = diff( G(x), x, i );      %% Load G derivatives 

  new(i,1) = symbols(i) ;             %% Load { v1, v2, ..., vn } 

endfor                                          %% Store derivative transformation equations 

oldr  =  old( end:-1:1 ); 

newr =  new( end:-1:1 );              %% Reverse order of derivative & V arrays 

dgk  = sym( zeros( nd, nd ) );      %% allocate array for enforcing G = 0 BC 

      %%================================= 

      %% Symbolic Preprocessor Loop 

      %%================================= 

for n  = 1:nd                                 %% n-th derivative loop 

  for k = 1:n                                  %% summation terms for each derivative 
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​
 

 

 

    deriv = diff( G(x)^k, x, n );      %% compute nth derivative ( vary complicated ) 

    ans   = expand( deriv );             %% ans = { G^(n)*f0 + G^(n-1)*f1 + ... + fn } 

    ans   = subs( ans, oldr, newr );  %% change of variables for higher derivatives 

    G_BC  = subs( ans, G(x), 0);    %% enforce G = 0 Boundary Condition 

    dgk( n, k ) = [ G_BC ];             %% save nk th element of constrained derivative array 

     endfor 

endfor 

endfunction 
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Prony Analysis -A Case Study in Eastern Regional 
Power System in India 

Lakshmi Gayatri Chintalapatiα & Yesuratnam Guduriσ 
____________________________________________ 

ABSTRACT 

The stability of the Indian power grid is frequently challenged by Low-Frequency Oscillations (LFOs), 

particularly in the hydro-dominant Eastern Region, where evacuation corridors are constrained. 

This paper presents a detailed analysis of a cascade tripping event that occurred on July 7, 2017, 

involving the 400 kV Teesta-III to Rangpo corridor. Utilizing high-resolution synchro phasor data 

obtained from Phasor Measurement Units (PMUs), this study characterizes the oscillatory behavior 

of the grid during the disturbance. While conventional Fast Fourier Transform (FFT) methods are 

often employed for spectral monitoring, this work employs Prony Analysis due to its superior 

capability in analyzing non-stationary, transient signals and its ability to directly extract modal 

damping ratios. The analysis identifies the dominant inter-area and local modes, quantifying their 

energy, damping percentage, and frequency content. The results demonstrate that specific modes 

exhibited insufficient damping during the event, contributing to system separation. These findings 

are subsequently used to derive necessary control parameters for the design of robust Power System 

Stabilizers (PSS) and oscillation damping filters, aimed at enhancing the dynamic stability of the 

Eastern Regional Grid. 

Author α: Master of Engineering (Power systems) Dept. of Electrical Engineering University college of 

engineering, Osmania University, Hyderabad, India.  

σ: Senior Professor Dept. of Electrical Engineering University college of engineering, Osmania University, 

Hyderabad, India. 

I.​ INTRODUCTION 

Day by day, the power system is becoming increasingly complex due to the growing demand for 

electricity and the widespread integration of power electronic devices. As a result, the power grid is 

undergoing continuous and rapid changes. These developments introduce several operational 

challenges and contingencies, making timely monitoring of system data crucial for identifying faults 

and preventing major economic losses [1–3]. 
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Keywords: WAMS, PMU, prony analysis, linear state estimation, synchrophasor technology, 

low-frequency oscillations, small-signal stability. 

Traditionally, utilities have relied on Remote Terminal Units (RTUs) in Supervisory Control and Data 

Acquisition (SCADA) systems, which provide system information to operators every 4 to 10 seconds. 

However, this steady-state data is no longer sufficient for effective monitoring, control, and operation 

of large interconnected grids [4,5]. To overcome these limitations, a more advanced 

technology—synchronized measurement technology—has been introduced, and systems based on this 

concept are known as Wide Area Measurement Systems (WAMS). The key device in synchronized 

measurement technology is the Phasor Measurement Unit (PMU). A PMU is generally defined as a 

device that measures the magnitude, phase angle, frequency, and rate of change of frequency of 

electrical quantities in real time. These measurements are synchronized with GPS signals. The overall 

process from data collection to WAMS applications is shown in Fig. 1 [6]. At the substation, the PMU 



 

 

In this paper, Section 2 describes the TEESTA-III case study, Prony analysis, and its implementation in 

MATLAB. Section 3 presents the results obtained from the Prony analysis, and Section 4 provides the 

conclusions drawn from the analyses performed. 

II.​ PRONY ANALYSIS 

The Prony method was introduced by Gaspard de Prony, a French engineer, mathematician, and 

scientist. Prony analysis is an extension of the Fast Fourier Transform (FFT), and it fits a linear 

combination of damped exponential terms to a uniformly sampled signal. The general linear 

exponential function is defined as given in equation (1) [9–13]. 

The estimation of low-frequency inter-area oscillations is challenging when using a conventional 

SCADA system, as its measurements are derived from RTUs. RTUs cannot provide synchronized 

phasor measurements of voltage, current, and system frequency at multiple locations with the same 

time stamp. Therefore, for transient and dynamic analysis, the required data must be obtained from 

Phasor Measurement Units (PMUs), which provide time-synchronized measurements essential for 

accurate oscillation analysis. 

                                                                 (1) 

Where i=1 to P (number of damping exponential modes), Aiis the amplitude, αiis the damping factor, ω
iis the frequency, and i is the phase angle. Prony analysis gives a complete analysis of the given signal θ
by providing amplitude, phase, frequency, and damping coefficients of the signal, whereas Fourier 

analysis does not provide the damping coefficients. 

Prony Analysis -A Case Study in Eastern Regional Power System in India

L
on

d
on

 J
ou

rn
al

 o
f 

E
n

gi
n

ee
ri

n
g 

R
es

ea
rc

h

©2025 Great Britain Journals PressVolume 25 | Issue 6 | Compilation 1.026

X(t) = ∑ Ai
P
i=1 eα it cos(ωit+ θi)                

 

receives both analog and digital inputs, filters them using an anti-aliasing filter, converts analog data 

into digital form, and performs phasor estimation. The phasor data is then transmitted through a 

modem. IEEE Standard C37.118-2011 specifies the measurement requirements, communication 

message formats, and protection classes for PMU data. The GPS-synchronized PMU data is transmitted 

to a Phasor Data Concentrator (PDC) through various communication channels. The PDC collects, 

sorts, and time-aligns the data based on timestamps and measurement types. Using communication 

networks, this processed data is then forwarded to SCADA or WAMS control centres. Finally, the data 

supports a wide range of WAMS applications, including real-time monitoring, control, protection, and 

post-event (historian) analysis [6]. 



 

After applying Euler’s formula and after approximations, the above formula is deduced to the following 

function, 

 

                                                                   (2)  

Where, λ = σi± j i, are the eigen values of the system ω
𝑖 

The above equation can also be written as follows 

(3)                                                                              

Let the above is sampled at intervals of time period ‘T’, then the above equation for X(t) can expressed 

as, 

 (4)                                                                              

                                                                     (5) 

 

Where, k = 0,1, 2,….. N-1; N= total number of samples 

From the above equations it is clear that if we find out the values of B and μ we can get the values of A 

and α, which will decide the presence of oscillations. The following method is used in Prony analysis to 

find the values of B and μ. 

                  
(6) 

 

In generalized form the above matrix can be written as follows, 

                                                                                   (7) 

The M values of μ, can be considered as a solution of the following polynomial with αias unknown 

coefficients, 

                                                        (8) 

the ‘a’ can be represented in the vector form as follows, 

(9)                                                            

on multiplying the (6) and (9) equations we get 

                               (10) 

                             (11) 

The initial time instant is assumed, then the above equation is written as, 
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𝑋𝑋(𝑡𝑡) = � 1
2

𝑃𝑃

𝑖𝑖=1
𝐴𝐴𝑖𝑖�𝑒𝑒𝑗𝑗Θ𝑖𝑖𝑒𝑒𝜆𝜆

+𝑡𝑡+𝑒𝑒−𝑗𝑗Θ𝑖𝑖𝑒𝑒𝜆𝜆−𝑡𝑡�                    

X(t) = ∑ Bi
P
i=1 eλ it

X(t) = ∑ Bi
P
i=1 eλ it

X(t) = ∑ Bi
P
i=1 eλ ikT =∑ Bi

P
i=1 μ𝑖𝑖k    

�

X(0)
X(1)
⋮

X(N − 1)

� = �

1
μ1
⋮

μ1
N−1

1 …
μ2 …
⋮
μ2

N−1 …

1
μm
⋮
μm

N−1

� �

B1
B2
⋮

Bm

�   

[X] = [U][b]  

μm − a1μm−1 − a1μm−2 … … … … …− am = 0

𝑎𝑎� = [−𝑎𝑎𝑚𝑚 − 𝑎𝑎𝑚𝑚−1 … … … … …− 𝑎𝑎1 1 0 … . .0]

a�X = X(m) − [−am X(0) − am−1X(1) … …− a1 X(m− 1)] = a�[U][b]

=B1[μ1
m − (a1μm−1 − amμ1

m−1 + ⋯ . +amμ1
0)] + B2[… . ] + ⋯ . = 0   



 

                  

(12) 

The above matrix can be written as, 

                                                                          (13) 

Assume , the coefficient vector ‘a’ is calculated as, 𝑁 > 2𝑚

                                                                        (14) 

 is pseudo inverse of d 𝐷'

2.1   Case Study in Eastern Region of India – TEESTA-III Event Description 

On 07
th

 of July 2017, at 10:26:00 hrs, a 400 kV Rangpo–Binaguri (RB)-II line tripped due to a 

line-to-ground fault in phase-B, which caused congestion in the 400 kV RB-I line. This is mitigated by 

the System Protection Scheme (SPS)-I at Teesta-III by tripping generating units at Chujachen (at 0.84 

s), JLHEP, and Dikchu (both at 1.70 s) power stations. However, the RB-I line remained congested and 

caused the tripping of the 400 kV Teesta-III–Rangpo (at 2.50 s) single-circuit line (loss of 400 MW 

load). This is followed by the tripping of remaining units at Teesta-III and Dikchu (at 3.00 s) due to 

loss of evacuation path. 

The PMU data of this event is collected from 12 PMUs at different locations in the eastern region of 

India, as shown in Figure 3, to perform the Prony analysis. The different locations are Bihar, Binaguri, 

Durgapur, Farakka, Jeypore, Patna, Ranchi, Rourkela, Sasaram, Talcher, Relangi, and Jamshedpur. 
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�

X(m)
X(m + 1)

⋮
X(N − 1)

� = �

X(m + 1)
X(m)
⋮

X(N − 2)

…
…
…

X(0)
X(1)
⋮

X(N − m − 1)

� �

a1
a2
⋮

am

�  

[d] = [D][a]  

[a] = [D′ ][d]     

After we find vector ‘a’, the μ can be easily found out and finally we can find out B, and after that we can 

easily get the amplitude ‘A’ and damping factor ‘α’. Prony analysis can be performed on various discrete 

signals of power, voltage, current, and frequency. In this project, the frequencies are taken into 

consideration and we can perform modal analysis. Prony analysis is basically a measurement-based 

analysis, which does not require any network model of the system. Using the real-time data obtained 

from the eastern region of the Indian power system, Prony analysis has been performed and the 

respective frequency components, damping, and amplitudes are found. This analysis helps in finding 

out the dominant low-frequency components in the system; there by, we can estimate the 

low-frequency oscillations in the system [9–13].The theoretical superiority of Prony analysis for this 

study lies in its resolution and damping extraction capabilities. FFT suffers from spectral leakage when 

analysing short, transient data windows and cannot distinguish between two closely spaced modes if 

the record length is insufficient. Prony analysis, being a parametric technique, is not limited by the 

uncertainty principle of the Fourier transform, allowing it to resolve low-frequency inter-area modes 

(0.1–0.8 Hz) even from short post-fault data records. Furthermore, the ability to directly quantify 

negative or low damping provides actionable data for the tuning of Power System Stabilizers (PSS), 

which FFT magnitude plots cannot provide. 



 

 

Fig. 2: Locations of PMUs in India During the TEESTA-III Event on 07
th

 July 2017 

2.2   Prony Analysis on TEESTA-III Data 

The real-time historian data has been provided by the Eastern Region Power Grid, and it has been 

obtained from PMUs at 12 different locations, namely Bihar, Binaguri, Durgapur, Farakka, Jeypore, 

Patna, Ranchi, Rourkela, Sasaram, Talcher, Relangi, and Jamshedpur, along with the time stamps. In 

Prony analysis, the actual frequency variation with time is first plotted. The obtained signal is then 

detrended, as detrending improves the accuracy of the analysis. After detrending, the Prony fit for each 

signal is obtained, and the Prony-approximated linear curves for different locations are shown in 

Figures (3–14). 

The sampling frequency of the obtained data from the Eastern Region Power Grid is 25 Hz. Hence, for 

satisfactory Prony analysis, the model order (M) must be at least half of the number of samples (N), i.e., 

12.5. Therefore, the model order is chosen as 13 in this case [10]. 

 

Fig. 3: Frequency Variation after Detrending and Prony Fit at Bihar 

Prony Analysis -A Case Study in Eastern Regional Power System in India

L
on

d
on

 J
ou

rn
al

 o
f 

E
n

gi
n

ee
ri

n
g 

R
es

ea
rc

h

©2025 Great Britain Journals Press Volume 25 | Issue 6 | Compilation 1.0 29



 

 

Fig. 4: Frequency Variation after Detrending and Prony Fit at Durgapur 

 

Fig. 5: Frequency Variation after Detrending and Prony Fit at Farakka 

 

Fig. 6: Frequency Variation after Detrending and Prony Fit at Jeypore 

 

Fig. 7: Frequency Variation after Detrending and Prony fit at Patna 
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Fig. 8: Frequency Variation after Detrending and Prony Fit at Ranchi 

 

Fig. 9: Frequency Variation and Prony Fit at Binaguri 

 

Fig. 10: Frequency Variation after Detrending and Prony Fit at Rourkela 

 

Fig. 11: Frequency variation after detrending and Prony fit at Sasaram  
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Fig. 12: Frequency variation after detrending and Prony fit at Talcher 

 

Fig. 13: Frequency Variation after Detrending and Prony Fit at Rengali 

 

Fig. 14: Frequency Variation after Detrending and Prony Fit at Jamshedpur 

III.​ RESULTS 

3.1   Prony Analysis on Eastern Region of India 

Prony analysis is performed on the Indian Eastern Grid data, and the respective frequency components 

present at different locations are tabulated. The mean squared error (MSE) between the original signal 

and the Prony fit is also calculated and presented in the figures. 

Table 1: Prony Analysis of Frequency Variation at Bihar 

Mode Amplitude(Hz) Damping(%) Frequency(Hz) Energy(J) 

1 3.9e-02 3.4 0.031 1.6e-03 

2 5.3e-03 1.9 0.9 5.0e-05 

3 5.3e-03 1.9 0.9 5.0e-05 
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4 2.6e-04 1.4 10 1.6e-09 

5 2.6e-04 1.4 10 1.6e-09 

6 1.6e-04 1.5 8.3 5.7e-09 

7 1.6e-04 1.5 8.3 5.7e-09 

8 1.5e-04 1.9 3.9 4.0e-09 

9 1.5e-04 1.9 3.9 4.0e-08 

10 0.92e-04 1.4 12 2.0e-09 

11 1.7e-05 1.7 6.2 5.8e-10 

12 1.7e-05 1.7 6.2 5.8e-10 

 

 

Fig. 15: Mean squared error of Prony analysis at Bihar 

Table 1 shows the respective modes of frequencies, damping, energies, and their corresponding 

amplitudes at Bihar. Generally, frequencies between 0–2 Hz can be considered as electromechanical 

oscillations. From the results, it can be seen that the oscillations with frequencies 0.0031 Hz and 0.9 Hz 

are treated as low-frequency oscillations, and their damping is less than 10%; therefore, they may cause 

small-signal instability. As Prony analysis cannot differentiate noise signals, those with energy greater 

than are considered spurious signals. Figure 15 shows the mean squared error between the original 10−5

signal and the Prony approximation at Bihar. 

Table. 2: Prony Analysis of Frequency Variation at Binaguri 

Mode Amplitude (Hz) Damping (%) Frequency (Hz) Energy (J) 

1 1.1e-02 1.1 1.8 5.1e-03 

2 1.1e-02 1.1 1.81 5.1e-05 

3 5.5e-03 1.3 0.92 7.8e-05 

4 5.5e-03 1.3 0.92 7.8e-05 

5 4.4e-04 2.2 4.1 3.0e-07 

6 4.4e-04 2.2 4.1 3.0e-07 

7 3.3e-04 1.6 6.3 2.2e-09 

8 3.3e-04 1.6 6.31 2.2e-09 

9 2.6e-04 1.5 8.4 1.5e-08 

10 2.6e-04 1.5 8.4 1.5e-09 

11 1.9e-04 1.3 10 9.2e-08 

12 1.9e-04 1.3 10 9.2e-08 
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Fig. 16: Mean Squared Error of Prony Analysis at Binaguri 

Table 2 shows the respective modes, frequencies, damping, energies, and their corresponding 

amplitudes at Binaguri. From the results, it can be seen that the oscillations with frequencies 1.8, 1.81, 

and 0.92 Hz are treated as low-frequency oscillations. Their energy is below the threshold, and their 

damping is less than 10%, so they may cause small-signal instability. As Prony analysis cannot 

differentiate noise signals, signals with energy greater than are considered spurious. Figure 16 10−5

shows the mean squared error between the original signal and the Prony approximation at Binaguri. 

Table 3: Prony analysis of frequency variation at Durgapur 

Mode Amplitude (Hz) Damping (%) Frequency (Hz) Energy (J) 

1 2.4e-02 0.97 0.03 1.9e-03 

2 9.6e-04 0.45 0.9 6.4e-05 

3 9.6e-04 1.45 0.9 6.4e-05 

4 3.9e-04 1.7 10 3.0e-07 

5 3.9e-04 1.7 10 3.0e-07 

6 2.7e-04 1.6 12 1.5e-07 

7 2.4e-04 1.9 4 1.0e-07 

8 2.4e-04 1.9 4 1.0e-07 

9 1.4e-04 1.9 6.2 3.7e-08 

10 1.4e-04 1.9 6.2 3.8e-08 

11 9.4e-05 1.7 8.3 1.8e-08 

12 9.4e-05 1.7 8.3 1.8e-08 

 

Fig. 17: Mean squared error of Prony analysis at Durgapur 

 Table 3 shows the respective modes, frequencies, damping, energies, and their corresponding 

amplitudes at Durgapur. From the results, it can be seen that the oscillations with frequencies 0.03 and 

0.9 Hz are treated as low-frequency oscillations. Their energy is below the threshold, and their 

damping is less than 10%, so they may cause small-signal instability. As Prony analysis cannot 

differentiate noise signals, the signals with energy greater than are considered spurious. Figure 17 10−5
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shows the mean squared error between the original signal and the Prony approximation at Durgapur. 



 

 

 

Fig. 18: Mean Squared Error of Prony Analysis at Farakka 
 

Table 4 shows the respective modes, frequencies, damping, energies, and their corresponding 

amplitudes at Farakka. From the results, it can be seen that the oscillations with frequencies 0.03 and 

0.89 Hz are treated as low-frequency oscillations, which decay very slowly, and their energy is below 

the threshold. Their damping is also less than 10%, so they may cause small-signal instability. The 12 

Hz component is likely noise, as it is damped out very fast with damping values of 39% and 18%. As 

Prony analysis cannot differentiate noise signals, signals with energy greater than are considered 10−5

spurious. Figure 18 shows the mean squared error between the original signal and the Prony 

approximation at Farakka. 

Table 5: Prony Analysis of Frequency Variation at Patna 

Mode Amplitude(Hz) Damping(%) Frequency(Hz) Energy(J) 

1 2.6e-02 1.5 0.03 1.4e-03 

2 1.3e-03 0.98 0.91 5.5e-06 

3 1.3e-03 0.98 0.91 5.5e-06 

4 2.6e-04 1.8 12 1.3e-07 

5 2.4e-04 1.7 10 1.2e-07 

6 2.4e-04 1.7 10 1.2e-07 

7 1.8e-04 1.7 8.3 6.9e-08 

8 1.8e-04 1.7 8.3 6.9e-08 

9 1.5e-04 1.8 3.9 4.0e-08 
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Table 4: Prony Analysis of Frequency Variation at Farakka 

Mode Amplitude(Hz) Damping(%) Frequency(Hz) Energy(J) 

1 2.4e-02 1.4 0.03 1.4e-03 

2 1.3e-02 39 12 4.5e-05 

3 1.2e-02 18 12 4.6e-05 

4 1.2e-03 6.4 0.89 7.7e-05 

5 1.2e-03 6.4 0.89 7.7e-05 

6 8.8e-04 3.2 11 8.6e-07 

7 8.8e-04 3.2 11 8.6e-07 

8 5.0e-04 2.0 3.9 4.3e-07 

9 5.0e-04 2.0 3.9 4.3e-07 

10 4.4e-04 1.9 6.2 3.6e-07 

11 4.5e-04 1.9 6.2 3.6e-07 

12 4.4e-04 2.0 8.6 3.3e-07 

13 4.4e-04 2.0 8.6 3.3e-07 



 

10 1.5e-04 1.8 3.9 4.0e-08 

11 1.2e-04 1.9 6.2 2.8e-08 

12 1.2e-04 1.9 6.2 2.8e-08 

 

 

Fig. 19: Mean Squared Error of Prony Analysis at Patna 

Table 5 shows the respective modes, frequencies, damping, energies, and their corresponding 

amplitudes at Patna. From the results, it can be seen that the oscillations with frequencies 0.03 and 

0.91 Hz are treated as low-frequency oscillations. Their energy is below the threshold, and their 

damping is also less than 10%, so they may cause small-signal instability. As Prony analysis cannot 

differentiate noise signals, signals with energy greater than are considered spurious. Figure 19 10−5

shows the mean squared error between the original signal and the Prony approximation at Patna. 

Table 6:  Prony Analysis of Frequency Variation at Jeypore 

Mode Amplitude(Hz) Damping(%) Frequency(Hz) Energy(J) 

1 3.0e-02 1.2 0.03 2.6e-03 

2 3.4e-03 13 6.1 4.4e-06 

3 1.3e-03 0.69 0.84 8.0e-05 

4 1.3e-03 0.69 0.84 8.0e-05 

5 1.2e-03 2.4 3.8 2e-06 

6 1.2e-03 2.4 3.8 2e-06 

7 1.2e-03 2.9 6.8 1.7e-06 

8 1.2e-03 2.9 6.8 1.7e-06 

9 8.5e-04 0.9 12.1 2.6e-06 

10 8.5e-04 0.9 12 2.6e-06 

11 3.5e-04 2.4 9.3 1.8e-07 

12 3.5e-04 2.4 9.3 1.8e-07 

 

 

Fig. 20: Mean squared error of Prony analysis at Jeypore 

Table 6 shows the respective modes, frequencies, damping, energies, and their corresponding 

amplitudes at Jeypore. From the results, it can be seen that the oscillations with frequencies 0.03 and 

0.84 Hz are treated as low-frequency oscillations. Their energy is below the threshold, and their 
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damping is also less than 10%, so they may cause small-signal instability. The 6.1 Hz component is 

likely noise, as it is damped out very fast with a damping of 13%. As Prony analysis cannot differentiate 

noise signals, signals with energy greater than are considered spurious. Figure 20 shows the mean 10−5

squared error between the original signal and the Prony approximation at Jeypore. 

Table 7:  Prony Analysis of Frequency Variation at Ranchi 

Mode Amplitude(Hz) Damping(%) Frequency(Hz) Energy(J) 

1 4.4e-02 22 11 5.9e-05 

2 4.4e-02 22 11 5.9e-05 

3 2.7e-02 0.94 0.031 2.4e-03 

4 7.7e-03 6.9 12 3.5e-05 

5 7.7e-03 6.9 12 3.5e-05 

6 1.2e-03 2.8 8.6 1.8e-06 

7 1.2e-03 2.8 8.6 1.8e-06 

8 1.1e-03 1.0 8.1 3.6e-06 

9 1.1e-03 1.0 8.1 3.6e-06 

10 4.0e-04 2.2 3.9 2.4e-07 

11 4.0e-04 2.2 3.9 2.4e-07 

12 3.5e-04 3.3 6.3 1.3e-07 

13 3.5e-04 3.3 6.3 1.3e-07 

 

 

Fig. 21: Mean Squared Error of Prony Analysis at Ranchi 

Table 7 shows the respective modes, frequencies, damping, energies, and their corresponding 

amplitudes at Ranchi. From the results, it can be seen that the oscillation with frequency 0.031 Hz is 

treated as a low-frequency oscillation. Its energy is below the threshold, and its damping is also less 

than 10%, so it may cause small-signal instability. The 11 Hz component is likely noise, as it is damped 

out very fast with a damping of 22%. As Prony analysis cannot differentiate noise signals, signals with 

energy greater than are considered spurious. Figure 21 shows the mean squared error between the 10−5

original signal and the Prony approximation at Ranchi. 

Table 8: Prony Analysis of Frequency Variation at Rourkela 

Mode Amplitude(Hz) Damping(%) Frequency(Hz) Energy(J) 

1 2.1e-02 0.43 0.031 3.2e-03 

2 7.7e-03 1.1 0.73 1.8e-04 

3 7.7e-03 1.1 0.73 1.8e-04 

4 4.6e-03 7.3 12 1.2e-06 

5 4.6e-03 7.3 12 1.2e-06 

6 1.5e-03 3.1 10 2.5e-06 
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7 1.5e-03 3.1 10 2.5e-06 

8 8.8e-04 4.1 7.5 6.9e-07 

9 8.8e-04 4.1 7.5 6.9e-07 

10 8.0e-04 4.0 5.9 5.8e-07 

11 8.0e-04 4.0 5.9 5.8e-07 

12 6.8e-04 1.1 3.5 1.3e-06 

13 6.8e-04 1.1 3.5 1.3e-06 

 

 

Fig. 22: Mean Squared Error of Prony Analysis at Rourkela 

Table 8 shows the respective modes, frequencies, damping, energies, and their corresponding 

amplitudes at Rourkela. From the results, it can be seen that the oscillations with frequencies 0.03 and 

0.73 Hz are treated as low-frequency oscillations. Their energy is below the threshold, and their 

damping is also less than 10%, so they may cause small-signal instability. As Prony analysis cannot 

differentiate noise signals, signals with energy greater than are considered spurious. Figure 22 10−5

shows the mean squared error between the original signal and the Prony approximation at Rourkela. 

Table 9: Prony Analysis of Frequency Variation at Sasaram 

Mode Amplitude(Hz) Damping(%) Frequency(Hz) Energy(J) 

1 5.8e-02 68 0.03 8.4e-05 

2 2.4e-02 1.7 0.031 1.2e-03 

3 3.0e-03 1.5 0.91 2.0e-05 

4 3.0e-03 1.5 0.91 2.0e-05 

5 3.6e-04 1.7 6.2 2.5e-07 

6 3.6e-04 1.7 6.2 2.5e-07 

7 2.6e-04 1.6 3.9 1.4e-07 

8 2.6e-04 1.6 3.9 1.4e-07 

9 1.7e-04 1.7 8.3 5.6e-08 

10 1.7e-04 1.7 8.3 5.6e-08 

11 1.2e-04 1.6 10 3.2e-08 

12 1.2e-04 1.6 11 3.2e-08 
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Fig. 23: Mean squared error of Prony analysis at Sasaram 

Table 9 shows the respective modes, frequencies, damping, energies, and their corresponding 

amplitudes at Sasaram. From the results, it can be seen that the oscillations with frequencies 0.03 and 

0.91 Hz are treated as low-frequency oscillations. Their energy is below the threshold, and their 

damping is also less than 10%, so they may cause small-signal instability. As Prony analysis cannot 

differentiate noise signals, signals with energy greater than are considered spurious. Figure 23 10−5

shows the mean squared error between the original signal and the Prony approximation at Sasaram. 

Table. 10: Prony Analysis of Frequency Variation at Talcher 

Mode Amplitude(Hz) Damping(%) Frequency(Hz) Energy(J) 

1 2.4e-02 1.0 0.031 1.9e-05 

2 4.0e-03 6.2 8.0 1.0e-06 

3 4.0e-03 6.2 8.0 1.0e-06 

4 2.9e-03 5.7 9.4 6.0e-06 

5 2.9e-03 5.7 9.4 6.0e-06 

6 2.5e-03 5.7 6.0 4.2e-06 

7 2.5e-03 5.7 6.0 4.2e-06 

8 2.3e-03 1.3 0.75 1.4e-05 

9 2.3e-03 1.3 0.75 1.4e-05 

10 5.5e-04 3.0 3.6 3.5e-07 

11 5.5e-04 3.0 3.6 3.5e-07 

12 5.4e-04 3.9 11 2.8e-07 

13 5.4e-04 3.9 11 2.8e-07 

 

 

Fig. 24: Mean Squared Error of Prony Analysis at Talcher 

Table 10 shows the respective modes, frequencies, damping, energies, and their corresponding 

amplitudes at Talcher. From the results, it can be seen that the oscillation with frequency 0.031 Hz is 

treated as a low-frequency oscillation. Its energy is below the threshold, and its damping is also less 
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than 10%, so it may cause small-signal instability. As Prony analysis cannot differentiate noise signals, 

signals with energy greater than are considered spurious. Figure 24 shows the mean squared error 10−5

between the original signal and the Prony approximation at Talcher. 

Table 11: Prony Analysis of Frequency Variation at Rengali 

Mode Amplitude(Hz) Damping(%) Frequency(Hz) Energy(J) 

1 2.5e-02 0.93 0.031 2.2e-03 

2 1.3e-03 0.94 0.71 6.2e-03 

3 1.3e-03 0.94 0.71 6.2e-03 

4 1.1e-03 2.8 1.2 1.6e-04 

5 1.1e-03 2.8 1.2 1.6e-04 

6 7.0e-04 5.6 5.8 3.4e-07 

7 7.0e-04 5.6 5.8 3.4e-07 

8 6.2e-04 2.3 9.5 5.7e-07 

9 6.2e-04 2.3 9.5 5.7e-07 

10 4.2e-04 3.3 7.4 2.0e-07 

11 4.2e-04 3.3 7.4 2.0e-07 

12 4.2e-04 2.3 3.7 2.4e-07 

13 4.2e-04 2.3 3.7 2.4e-07 

 

 

Fig. 25: Mean Squared Error of Prony Analysis at Rengali 

Table 11 shows the respective modes, frequencies, damping, energies, and their corresponding 

amplitudes at Rengali. From the results, it can be seen that the oscillations with frequencies 0.031, 1.2, 

and 0.71 Hz are treated as low-frequency oscillations. Their energy is below the threshold, and their 

damping is also less than 10%, so they may cause small-signal instability. As Prony analysis cannot 

differentiate noise signals, signals with energy greater than are considered spurious. Figure 25 10−5

shows the mean squared error between the original signal and the Prony approximation at Rengali. 

Table 12: Prony analysis of frequency variation at Jamshedpur 

Mode Amplitude(Hz) Damping(%) Frequency(Hz) Energy(J) 

1 3.8e-02 13 12 5.6e-04 

2 2.5e-02 0.83 0.031 2.5e-03 

3 1.3e-02 8.0 11 1.0e-07 

4 1.3e-02 8.0 11 6.0e-07 

5 9.3e-04 3.8 8.3 6.0e-07 

6 9.3e-04 3.8 8.3 4.2e-07 

7 9.1e-04 3.6 6.3 4.2e-07 

8 9.1e-04 3.6 6.3 1.4e-07 
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9 8.0e-04 5.7 0.87 3.5e-05 

10 8.0e-04 5.7 0.87 3.5e-05 

11 3.6e-04 3.7 4.0 1.2e-07 

12 3.6e-04 3.7 4.0 1.2e-07 

 

 

Fig. 26: Mean Squared Error of Prony Analysis at Jamshedpur 

Table 12 shows the respective modes, frequencies, damping, energies, and their corresponding 

amplitudes at Jamshedpur. From the results, it can be seen that the oscillations with frequencies 0.031 

and 0.87 Hz are treated as low-frequency oscillations. Their energy is below the threshold, and their 

damping is also less than 10%, so they may cause small-signal instability. The 12 Hz component is likely 

noise, as it is damped out very fast with a damping of 13%. As Prony analysis cannot differentiate noise 

signals, signals with energy greater than are considered spurious. Figure 26 shows the mean 10−5

squared error between the original signal and the Prony approximation at Jamshedpur. 

IV.​ CONCLUSION 

The stability of the Indian Eastern Regional Grid is frequently compromised by poorly damped 

Low-Frequency Oscillations (LFOs), a vulnerability amplified during system transients. This paper 

presents a detailed modal analysis of the cascading event that occurred on July 7, 2017, initiated by a 

fault on the 400 kV Rangpo–Binaguri (RB)-II line, which led to the System Protection Scheme (SPS) 

action and the eventual loss of the Teesta-III corridor.High-resolution synchro phasor data from 12 

Phasor Measurement Units (PMUs) across the region were processed using Prony Analysis to 

accurately extract the frequency, damping percentage, and energy of the oscillatory modes. The 

low-frequency oscillations (LFOs) were detected at various locations. It was found that the 0.031 Hz 

component of LFOs is present at almost all locations, with comparatively low damping, indicating that 

this component requires close monitoring to prevent potential small-signal instability. At Binaguri and 

Rengali, most of the LFOs were observed, with frequencies of 1.8, 1.81, 0.92 Hz and 0.031, 0.71, 1.2 Hz, 

respectively. Although the amplitudes of these LFOs are low at all locations, the damping is consistently 

below 10%, indicating that the LFOs are somewhat predominant and sustain for a longer duration, 

which may cause small-signal instability in the system. Spurious noise signals were also observed at all 

locations, highlighting the inability of Prony analysis to differentiate between actual and noise signals. 

The mean squared error across all locations confirms the high accuracy of the Prony analysis. For 

performing these analyses, the data obtained from PMUs is the fundamental building block. It can be 

concluded that for real-time dynamic monitoring and obtaining accurate results, WAMS plays a critical 

role. Hence, a Wide Area Measurement System (WAMS) enhances the operation, monitoring, and 

control of complex power systems through synchro phasor measurement technology. 
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Objective Evaluation Criteria for the Safety 
Certification of Autonomous Navigation System  

Shinya Nakamuraα & Tomoaki Yamadaσ  
____________________________________________ 

ABSTRACT 

In Japan, the commercialization of the autonomous ship is aiming at the full-scale commercial 

operation around 2030 with the cooperation of industry, academia and government. The 

autonomous navigation system that the ships will be equipped with is one of the main functions of the 

autonomous ship. Commercialized autonomous ships coming soon are scheduled to operate on 

domestic routes. In areas covered by the Collision avoidance Regulations (COLREGs), autonomous 

ships will basically navigate without human intervention, including in congested waters. The Japan 

Captains’ Association believes that ships equipped with such autonomous navigation systems must 

have the same safety level as conventional ships and comply with the COLREGs. In other words, the 

autonomous ship should not cause anxiety to encountering ships.  Based on the above basic policy, the 

Japan Captains’ Association and ClassNK conducted a large-scale verification experiment aimed at 

formulating standards for classification companies to objectively evaluate the safety of autonomous 

navigation systems and developed evaluation area diagrams for certification. This paper introduces 

the evaluation area diagrams that objectively evaluates autonomous navigation systems to have the 

same or higher safety level as conventional ships and to objectively evaluate compliance with 

COLREGs. In the evaluation area diagram, “Safety area”, “Caution area”, and “Danger area” are 

calculated based on the relative distance and bearing (compass bearing) change rate etc, between the 

autonomous ship and the encountered ships. When a ship using an autonomous navigation system 

navigates in a way that avoids entering “Caution area” and “Danger area”, it can be said that the 

ship is reducing risk before there is a risk of collision.  

ClassNK will use the evaluation area diagram introduced here to carry out certification work for the 

autonomous navigation system which will undergo demonstration experiments in 2025. 

This paper also discusses how to objectively explain compliance with the COLREGs, which contains 

many ambiguous expressions. 

Author α: President, Japan Captains’ Association, Tokyo, Japan. 

σ: ClassNK, Tokyo, Japan. 

I.​ INTRODUCTION  
In Japan, the autonomous ship (MASS) has been undergoing long-term demonstration experiments 

with the aim of implementing it in society. One of the main functions of MASS is the autonomous 

navigation system (ANS), an automatic collision avoidance system. 

The Japanese government's Ministry of Land, Infrastructure, Transport and Tourism and ClassNK 

have stated that the basic approach to the inspection and certification of autonomous ships is that 

"ANS must ensure the same level of safety as conventional ships and comply with the Collision 

avoidance Regulations (COLREGs)". This basic concept is agreed upon by maritime stakeholders, 

including the Japan Captains’ Association. In accordance with this basic concept, the Japan Captains’ 

Association has proposed the following specific desirable requirements for ANS. 
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It is desirable for ANS to take advantage of its characteristic of being able to process a lot of 

information simultaneously without oversight anything and to perform risk reduction manoeuvres in 

advance. By performing risk reduction manoeuvres in advance, it is possible to ensure the same level of 

safety as conventional ships without violating COLREGs. In other words, it is important for ANS to 

perform risk reduction manoeuvres in advance so as not to cause anxiety to other ships. The reason for 

making this proposal is that, based on the current capabilities of ANS
 [1][2][3][4]

, although it has 

advantages over human navigation, such as fewer oversights, it is difficult to operate a ship in full 

compliance with COLREGs, which contains many ambiguous expressions. 

Based on this idea, the authors have developed an automatic collision avoidance system and proposed 

an evaluation area diagram
 [5][6]

. The paper aims to consider objective criteria for ClassNK to certify 

ANS in practice in 2025 and reports the results of new large-scale simulator experiments and a 

questionnaire survey carried out to improve the previously proposed evaluation area diagram.
 
 

II.​ TOWARDS THE CERTIFICATION OF COMPLIANCE WITH COLREGS 

The Japan Captains’ Association has held a study session on COLREGs with ClassNK for the purpose of 

certifying that ANS comply with COLREGs. In particular, detailed explanations were given on Section 

II, Article 17 (Action by stand-on vessel), and Part A, Article 2 (Ordinary practice of seaman) of 

COLREGs.  

Figure 1 is an example of the rules regarding the behaviour of stand-on vessels that were explained to 

ClassNK at the study session. In addition to the rules for keeping the course and speed of stand-on 

vessels stipulated in Article 17(a)(i) of COLREGs, there are rules such as 17a(ii), 17b, Rule2a, Rule2b, 

etc. (within the square frame in Figure 1). However, there is no specific description of when and how to 

perform the best aid to avoid collision (the best cooperative action) in 17b. There is also no specific 

description of what should be done for "Ordinary practice of seamen". As such, COLREGs contains 

many ambiguous expressions, making it difficult for ANS development engineers who are not seafarers 

to understand. 

Figure 2 shows the ship encounter situation (actual data from November 2024) based on AIS data in 

the sea area where domestic container ships that will undergo long-term demonstration experiments 

on a new MASS in 2025 will be sailing. There is a high possibility that ship A will be a stand-on vessel 

against ships B and C according to Article 17. Ships B and C may also be stand-on vessels against ships 

D and E. If ship A maintains its course and speed against ships B and C, while ships B and C also 

maintain their course and speed as stand-on vessels against ships D and E, and ship A approaches 

ships B and C quite closely and then performs a hard starboard turn as a best aid to avoid collision 

according to Article 17b, it may cause anxiety to other ships sailing nearby and create an extremely 

dangerous situation. MASS needs to avoid getting into such a situation as much as possible. The 

manoeuvring method of ship A recommended by Japan Captains’ Association is to change course 

slightly in advance so as not to become a stand-on vessel against ships B and C, and at the same time 

consider passing ships D and E port-to-port.  

Objective Evaluation Criteria for the Safety Certification of Autonomous Navigation System
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This type of manoeuvring should be considered to be applicable to Article 2 (Ordinary practice of 

seamen) of COLREGs, not Article 17 (Stand-on vessel). In Japan Marine Accident Tribunal, “Ordinary 

practice of Seaman” is often applied as the cause of an accident. 

As these examples show, Japan Captains’ Association proposed that it is desirable for MASS to perform 

risk reduction manoeuvre in advance so as not to violate COLREGs and to not cause anxiety to other 

ships. And, also pointed out that, at the current level of technology, unless such an approach is adopted 

for the time being, it will be difficult to provide a rational explanation for not violating COLREGs.  

Specific objective criteria are required to fairly evaluate the "risk reduction manoeuvre in advance" 

proposed by Japan Captains’ Association. The evaluation area diagrams proposed previously
 [6]

 was 

formulated based on the results of experiments conducted quite some time ago. So large-scale 

verification experiment and a questionnaire survey were conducted by Japan Captains’ Association and 

ClassNK in order to formulate new evaluation area diagrams that will serve as a more reliable objective 

criterion for the ANS certification. 

Figure 1: Rules Relating to Vessel That May Become Stand-On Vessel as Described in Colregs 

Figure 2: The Ship Encounter Situation based on Ais Data (Actual Data from November 2024) 

Objective Evaluation Criteria for the Safety Certification of Autonomous Navigation System

L
on

d
on

 J
ou

rn
al

 o
f 

E
n

gi
n

ee
ri

n
g 

R
es

ea
rc

h

©2025 Great Britain Journals Press Volume 25 | Issue 6 | Compilation 1.0 45



III.​ LARGE-SCALE VERIFICATION EXPERIMENTS FOR FORMULATING THE EVALUATION 
AREA DIAGRAM 

3.1   Overview of the Verification Experiments  

In order to formulate new objective certification criteria, large-scale experiments were conducted using 

a ship manoeuvring simulator and evaluation area diagrams were formulated. The evaluation area 

diagrams follow the basic concept of the area diagrams proposed previously
 [6]

 and were conducted 

from 2022 to 2023 with the aim of improving reliability. They were as conducted with the full 

cooperation of major Japanese shipping companies that own full mission ship-handling simulators, 

NYK Line, Mitsui O.S.K. Lines, and K Line. The relative distance between MASS and other ships that 

encounter it, and the bearing change rate (also some closest point of approach distances / CPA 

distance) were used as indicators to formulate the evaluation area. The evaluation area was classified 

into "Safety area," "Caution area," and "Danger area" as defined in Table 1.  

Even in situations where it is difficult to evaluate using only relative distance, by combining relative 

distance and the bearing change rate, it is possible to formulate an evaluation area diagram that is easy 

for seafarers to understand. 

A total of 1,631 captains participated in the experiment, and verification experiments were conducted to 

develop evaluation area diagrams using 181 experimental cases. Experimental scenarios were prepared 

with multiple bearing change rates at any given relative distance, and captains/evaluators entered into 

the recorder the situation defined in Table 1 that corresponded to their situational awareness of being 

on board a target vessel that had encountered an autonomous vessel. Scenarios were prepared for the 

crossing case, with a bearing change rate of 1.2deg/min. to 9.0deg/min. at 1.5 miles. (The 1.5 miles 

point was chosen as the representative point for setting the bearing change rate.) In addition, scenarios 

were prepared for the same-way situation and overtaking and head-on situation, with the closest point 

of approach (CPA) distance was 0.1miles to 0.85miles. Captains/evaluators will board ships are set to 

LOA:147.9m to 400.0 m. The target autonomous ships are assumed to be autonomous ships that will 

undergo demonstration experiments in Japan in 2025 and are set to LOA: 81.5m to 107.4m in size. 

Additionally, to grasp the impact that differences in the size of MASS have on the area diagram, a ship 

(MASS) with LOA 333m was also added to the scenario. 

Usually, when conducting such evaluation experiments, the scenario is set by setting only the closest 

point of approach (CPA) distance parametrically. However, this time, the evaluation area diagram is 

created by combining the relative distance and the bearing change rate, so the scenario setting work is 

somewhat complicated, but in the case of crossing situation, the scenario was set to change the bearing 

change rate parametrically at a relative distance of 1.5 miles. 

One of the experimental scenarios is shown in Figure 3. This is the case where the bearing change rate 

is 2.1deg./min. when the relative distance is 1.5 miles (A scenario in which a MASS passes the bow of a 

target ship on which captains/evaluators are aboard). Part of the experimental results for this case are 

shown in Figure 4. The horizontal axis represents the relative distance, and the vertical axis represents 

the recognition status of six evaluators. Almost all six evaluators changed from “Safety” to “Caution” at 

Category Definition
“Safetyarea” Acceptable area

“Caution area” The area where own ship commences to avoid or expect another ship to avoid
“Danger area” Unacceptable area

Table 1: The Definition of Evaluation Area 
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a relative distance of about 1.8 to 2 miles. The relative distance at which the recognition changes from 

“Caution” to “Danger” varies from almost 1 miles to 1.5 miles. 

As shown in Figure 5, the experimental results were plotted by plotting the baring change rate at which 

75% of the subjects changed their evaluation awareness from "safety" to "caution" or from "caution" to 

"danger" for every 0.1 mile of relative distance, and a regression equation was developed for the plot 

points. The vertical axis showing the bearing change rate is in logarithmic notation. 

 

Rela tive Distance

B
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Autonomous ship
Target ship

Target ship

Autonomous ShipTarget  Ship (Evaluat or on board)

Carg o
7 4 9  GT( 2 ,2 1 9  DW T)

Loa  :  8 1 .5 0  m

Conta iner
2 1 0 ,6 7 8  GT( 1 9 6 ,8 7 8  DW T)

Loa  :  4 0 0 .0 0  m

Scena rio 
No.1 8

CPA Distance: 0.25’

Relative TrackTrue Track
Scenario No.18: Distance:1.5’
Bearing Change 2.1 deg/min

Autonomous ship

Target ship Autonomous ship
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Figure 3: One of the Experimental Scenarios, the Case Where the Bearing Change Rate is 2.1deg./Min. 

When the Relative Distance is 1.5 Miles (A Scenario in Which a Mass Passes the Bow of a Target Ship 

on Which Captains/Evaluators are Aboard) 

Figure 4: One of the Experimental Results, the Case Where the Bearing Change Rate is 2.1deg./Min. 

When the Relative Distance is 1.5 Miles (A Scenario in Which a Mass Passes the Bow of a Target Ship 

On Which Captains/Evaluators Are Aboard) 



 

Crossing and overtaking are shown by relative distance and bearing change rate, while head-on 

situation is shown by relative distance and closest point of approach (CPA) distance. 

 

Figure 6 shows the case of crossing, but for crossing from the port side, the starting point is 6 miles, 

which is the distance that avoids becoming a stand-on vessel as much as possible. These 6 miles is the 

result of a questionnaire survey conducted separately from the verification experiment. The 

questionnaire survey will be described in the next section. 

 

θ=6. 9・ 105・ ( 1852・ R) - 1. 54

θ =31. 3・ 105・ ( 1852・ R) - 1. 67

θ
：

R：

A representative point where 75% of 
evaluators changed their awareness 
from “Safety" to “Caution"

The rising part of the Diagram 
(relative distance to enter the area) 
is the relative distance that 75% of 
the evaluators considered 
“Caution" or “Danger".

A representative point 
where 75% of evaluators 
changed their awareness 
from “Caution" to 
“Danger"

Figure 5: The Experimental Result (Crossing Situation/Bow Crossing from Starboard) 

Figure 6: The Newly Created Evaluation Area Diagram (Crossing Situation) 

The evaluation formula showing the boundary of the area determined from the experimental results is 

shown in Figure 6 and Figure 7. The details of the regression formula are shown in Figure 8. 
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3.2    Example of Evaluation using Evaluation Area Diagram  

Figure 9 shows the situation as seen from the autonomous ship (the give-way vessel) and the target 

ship (the stand-on vessel) in a typical crossing situation, reproduced by a simulator.  

SafetySafety

Caution CautionDangerDanger

R：R：

D ：

D=- 0. 0387・ R2+0. 1878・ R+0. 3035

D=- 0. 0463・ R2+0. 2249・ R+0. 1984

D=- 0. 0566・ R2+0. 2060・ R+0. 2106
D=- 0. 0437・ R2+0. 1580・ R+0. 3585

Head-on Situation

SafetySafety

CautionCaution Danger

θ =0. 80・ 105・ ( 1852・ R) - 1. 52 θ =0. 80・ 105・ ( 1852・ R) - 1. 52

θ =0. 80・ 105・ ( 1852・ R) - 1. 52 θ =0. 80・ 105・ ( 1852・ R) - 1. 52

R：R： θ
：

Danger

Same-way / Overtaking

EvaluationEvaluation boundary formulaEncounter situation
DangerR < 1.7 [NM]θ ≦ 6.90×105× (1852×R)-1.54

Bow Crossing
Crossing from 

Starboard 

CautionR < 2.3 [NM]θ ≦ 31.30×105× (1852×R)--1.67

SafetyRange excluding danger area and caution area
DangerR < 1.5 [NMθ ≦ 9.20×105× (1852×R)--1.64

Stern Crossing CautionR < 2.2 [NM]θ ≦ 24.30×105× (1852×R)-1.72

SafetyRange excluding caution area
DangerR < 1.7 [NM]θ ≦ 6.90×105× (1852×R)-1.54

Bow Crossing
Crossing from

Port

CautionR < 6.0 [NM]θ ≦ 31.30×105× (1852×R)--1.67

SafetyRange excluding danger area and caution area
DangerR < 1.5 [NMθ ≦ 9.20×105× (1852×R)--1.64

Stern Crossing CautionR < 6.0 [NM]θ ≦ 24.30×105× (1852×R)-1.72

SafetyRange excluding caution area
DangerR < 0.5 [NM]θ ≦ 0.8×105× (1852×R)--1.52

From Starboard
/ PortSame-way CautionR < 0.7[NM]θ ≦ 0.8×105× (1852×R)--1.52

SafetyRange excluding caution area
DangerR < 2.8 [NM] D ≦ -0.0463×R2 + 0.2249×R+ 0.1984

From Starboard

Head-on

CautionR < 3.7 [NM] D ≦ -0.0387×R2 + 0.1878×R+ 0.3035
SafetyRange excluding danger area and caution area
DangerR < 2.8 [NM] D ≦ -0.0566×R2 + 0.2060×R+ 0.2106

From Port CautionR < 3.7 [NM] D ≦ -0.0437×R2 + 0.1580×R+ 0.3585
SafetyRange excluding caution area

θ: Rate of change in bearing [deg./min]  D: CPA Distance [NM: Nautical Mile]   R: Relative distance [NM: Nautical Mile]
: Unacceptable areaDanger
: The area where own ship commence to avoid or expect another ship to avoidCaution
: Acceptable area Safety   

Figure 7: The Newly Created Evaluation Area Diagram (Same-Way, Overtaking, Head-On Situati n) o

Figure 8:　The Details of the Regression Formula (Evaluation Boundary Formula) 
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At a relative distance of 1.8 miles, the bearing change rate is 0.60 deg./min., plotted in the "Caution 

area.” (In the figure, top right). At a relative distance of 1.3 miles, the bearing change rate is 

1.66deg/min., entering the "Danger area." (In the figure, bottom left). At a relative distance of 0.5 

miles, the autonomous ship is about to pass by its bow, with the bearing change rate of 9.25 deg./min. 

(In the figure, bottom right). A collision is avoided, but the autonomous give-way vessel is still showing 

its starboard side. 

In this situation, the target ship passed the bow of the autonomous ship at a distance of 0.4 miles, but 

in the newly formulated evaluation area diagram, 75% of the captains evaluated this situation as 

unacceptable. The certification standard for autonomous ships requires that the autonomous ship takes 

avoidance action with sufficient bearing change rate (more than 10 deg./min.) and with ample time 

(more than 2.3 miles away). 

IV.​ QUESTIONNAIRE SURVEY 

It is desirable for an autonomous ship to avoid situations where it is necessary to perform the "best aid 

to avoid collision" of COLREGs Article 17 shown in Figure 1 and Figure 2. As already mentioned, given 

the current level of ANS technology, acting to avoid becoming a stand-on vessel as much as possible 

will not violate COLREGs and will not cause anxiety to other ships that encounter it. In order to 

encourage such proactive risk reduction manoeuvres, a questionnaire survey was conducted to 

understand the distance at which the "Caution area" should be raised for crossing from the port, as 

shown in Figure 6. 

The questionnaire survey asked, “in a situation where there is a possibility that a MASS encountered in 

a crossing may become a stand-on vessel, up to what distance would be acceptable for that MASS to 

Figure 9: Example of Evaluation using Evaluation Area Diagram 

perform risk reduction manoeuvre? “. In other words, from what distance would a stand-on vessel need 

to keep its course and speed. 
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The questionnaire asked questions based on the LOA of their own ship (the ship the survey 

respondents assumed to be aboard) being between 100m and 360m, and the LOA of the other ship they 

may encounter (MASS that may become a stand-on vessel) being 100m. Figure 11 shows the results 

when the LOA of the own ship is 100m and the LOA of the other ship (MASS) is 100m. The left side of 

the figure shows examples of responses by distance, with the first one being a Japanese response, the 

second being a non-Japanese response, and the third being all responses. The right side shows the 

cumulative totals from the closest distance. The distance at which the cumulative total reached 75% 

was 6 miles. The cumulative total distance at which the cumulative total reached 75% varied slightly 

depending on the size of the ship, but 6 miles was used as the average. 

 

The questionnaire was conducted with the cooperation of shipping companies and ship management 

companies, and responses were received from 523 captains from 12 countries. The nationalities of the 

captains who responded are shown in Figure 10. 

Japan
30.2%

Philippine
37.5%

India
10.5%

Myanmar
7,3%

Vietnam
4.8%

Romania
2.3%

Korea
2.1%

Croatia 
1.9%

Bangladesh 
1.5%

Indonesia 
1.1%

Russia
0.6%

Montenegro
0.2%

Nationality

Japan

Philippine

India

Myanmar

Vietnam

Romania

Korea

Croatia

Bangladesh

Indonesia

Russia

Montenegro

Figure 10: The Nationalities of the Captains Who Responded to the Questionnaire Survey 

Figure 11: Part of The Questionnaire Survey Results 
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The target MASS is a PCC (LOA: 200m). The MASS is surrounded by crossing ships from starboard 

(①, ②, ④), a ship sailing in the opposite direction (Head-on) from port head (③), a ship sailing 

slightly faster than the MASS at 300m starboard side (⑤), and ships crossing from port (⑥, ⑦), 

making it a difficult scenario to manoeuvre.  

The results of automatic manoeuvring of the PCC incorporating the simulated verification ANS are 

shown in the top row of Figure 13. The results are shown as ships tracks and a time series of speed and 

steering conditions. First, the ship slowed down because there was a same-way ship ⑤ 300m to 

starboard that was slightly faster than MASS. After that, the ship changed course to starboard, avoided 

the same-way ship on the starboard side, resumed speed, and headed north on the original course. 

 

Same WayCrossHead-on

12NM

Loa: 175m
16.1 kts <180>

Own Ship
Loa: 200m
16.1 kts <000>

300m

Loa: 150m
16.1 kts <270>

7NM

1,200m

300m

Loa: 150m
16.1 kts <270>

Loa: 150m
16.1 kts <270>

Loa: 150m
16.1 kts <090>

Loa: 150m
16.1 kts <106>

7NM

Loa: 175m
18.0 kts <000>

①
② ④

③

⑤

⑥

⑦

V.   EXAMPLE OF CERTIFICATION USING EVALUATION AREA DIAGRAM (SIMULATED 
CERTIFICATION)  

Verification is carried out using a ship-handling simulator incorporating the ANS to be certified.  

The scenario in Figure12 is a scenario simulated for demonstration purposes.
 [7]

 

Figure 12: Scenario for Demonstration 
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The relative tracks and evaluation area diagram of the ANS manoeuvring results are shown in the 

second and subsequent rows of Figure 13. As shown in the evaluation area diagram, there was a 

sufficient bearing change rate for crossing ship ② approaching from starboard, and it was passed 

within the “Safety area”. 

Figure 13: Example of Certification using Evaluation Area Diagram (Simulated Certification) 
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In order to avoid the same-way ship coming from port head, the course was changed to the starboard, 

therefore head-on ship ③ was passed within a sufficient “Safety area”. Crossing ships ⑥ and ⑦ from 

port were also passed within “Safety area”, and MASS passed these ships without becoming a stand-on 

vessel. 

During this simulated certification, no navigation through caution or danger zones area was observed, 

and the ship's tracks and manoeuvring methods were also deemed appropriate, so it has been 

determined that there are no problems with certification.  

In addition, the ClassNK guidelines state that if a ship ends up entering an "Caution area" or "Danger 

area" the duration of the intrusion will be taken into consideration, and an evaluation will be made by 

"experts" such as the captain, with a final decision on whether or not to grant certification. 

SUMMARY 

The Summary of this Paper is as Follows: 

●​ Through large-scale verification experiments and questionnaire survey, a practical “Evaluation area 

diagram" for evaluating ANS was successfully introduced. 

●​ The newly developed "Evaluation area diagram" is based on the idea that it is desirable for ANS to 

take advantage of its characteristic of being able to process a lot of information simultaneously 

without oversight anything and to perform risk reduction manoeuvres in advance. 

●​ If it is possible to navigate in the “Safety area” using this “Evaluation diagram”, it can be explained 

that COLREG is complied with. 

●​ Although it is judged that this evaluation method has reached a practical level, future issues are 

noted below. 

○​ It has been confirmed that if the hull size of a ship navigating with ANS increases, the “Evaluation 

area diagram” will expand. A sufficient number of data has not necessarily been obtained 

regarding the spread of the “Evaluation area diagram” due to the size of the autonomous ship. 

This is an issue for the future. (Some experimental results suggest that when MASS’s LOA is 

increased to 300m, evaluation area increases by 5% to 10%) 

●​ Currently, when actually carrying out certification, if an autonomous ship enters a " Caution area" 

or "Danger area" it is necessary for experienced captains to judge the situation. 

●​ ClassNK states in its guidelines “Guidelines for Automated/Autonomous Operation on ships 

(Ver2.0)”
 [8] 

that the evaluation area diagram introduced here will be used. 
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